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The research on applied logic in the mid 2000s has brought important methodological and algorithmic results on modularization of finitely axiomatizable logical theories. In particular, the research has been focused on the question whether
logical theories have an inherent modular structure which could allow one to
identify, in some sense, independent “components” in theories and use them as
building blocks for creating new theories, or for improving efficiency of automated reasoning over theories [8, 3, 1, 6]. Remarkably, these research problems
have revived practical interest to classical model-theoretic results related to interpolation and definability, conservative extensions and axiomatizable classes,
which have found new applications in logics [8, 5, 9, 7]. One of the approaches
based on results extending the well-known Craig interpolation was described
in [12, 13] and was concerned with structuring logical theories into components
sharing a given set of signature symbols. In these papers, the following notion
of decomposability has been introduced (we use the notation sig (T ) for the set
of non-logical symbols of a theory T ):
Definition 1 Let T be a theory and ∆ ⊆ sig (T ) be a (possibly empty) subsignature. The theory T is called ∆–decomposable if there exist theories S1 and S2
such that:
– sig (S1 ) ∪ sig (S2 ) = sig (T );
– sig (S1 ) ∩ sig (S2 ) = ∆ and sig (S1 ) 6= ∆ 6= sig (S2 );
– T is equivalent to S1 ∪ S2 .
The theories S1 and S2 are called ∆–decomposition components of T .
The algorithmic complexity of deciding the ∆–decomposability property has
been studied in various calculi ranging from classical propositional [4] and description logics [7] to expressive fragments of first-order logic [11]. The results
?
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suggested that the complexity of decomposability coincides with the complexity
of entailment in the underlying logic. Although this observation was not too
surprising (since the definition of ∆–decomposability contains the logical equivalence), a general method for proving this claim was missing.
The aim of this paper is to describe a method for proving that the complexity of deciding decomposability coincides with the complexity of entailment
in fragments of first-order logic. We illustrate this method by establishing the
complexity of decomposability in the so-called signature fragments of first-order
logic, i.e. those which are obtained by putting restrictions on signature (Theorem
1). The main constructions are given in Proposition 1 and the proof of point (2)
of Theorem 1.
First, we introduce basic notations, auxiliary definitions and recall some wellknown results from the computability theory.
We call a theory finite if it is finitely axiomatizable, i.e. defined by a single
sentence. If T is a theory, then sig (T ) denotes the signature of T , i.e. the set of
all non-logical symbols occurring in sentences of T . The same notation sig (ϕ)
will be used to denote the signature of a sentence ϕ. If Σ is a signature, then
|Σ| will denote the cardinality of Σ and for a structure M, we use card (M)
to denote the cardinality of the domain of M. If M is a structure and Σ is a
signature, then M|Σ will denote the restriction of M onto Σ.
We omit subtleties related to effective representation of finite theories and
signatures assuming there is a Gödel numbering of sentences and finite sets of
non-logical symbols which assigns an index (a natural number) to every pair
hT , ∆i, where T is a finite theory and ∆ is a finite signature.
Definition 2 Let Σ and ∆ ⊆ Σ be finite signatures. The ∆–decomposability
problem for signature Σ is the set of indices of pairs hT , ∆i, where T is a finite
∆–decomposable theory in signature Σ.
In other words, this is the problem to decide whether a given finite set of
sentences in signature Σ is ∆–decomposable. We will also consider the problem
of deciding whether a finite theory T in a finite signature Σ given by a partition
{σ1 , σ2 , ∆} is ∆–decomposable into some components in signatures σ1 ∪ ∆ and
σ2 ∪ ∆, respectively. For brevity, we will refer to this as the problem to decide
whether a given theory T is ∆–decomposable with a partition {σ1 , σ2 }.
Definition 3 Two sets A and B are called effectively inseparable if there exists
a 2-ary computable function h such that for any computably enumerable disjoint
sets Wx ⊇ A and Wy ⊇ B it holds that h(x, y) ∈ ω \ (Wx ∪ Wy ).
A theory T is called finitely inseparable if the set of valid sentences in signature sig (T ) and the set of sentences whose negation holds in some finite model
of T are effectively inseparable.
Lemma 1 ([10, Theorem 6.23]) If A and B are computably enumerable and
effectively inseparable then both A and B are Σ10 –complete.

Definition 4 We call a finite signature σ complex if either of the following
holds:
1. σ contains at least one binary predicate;
2. σ contains at least one function of arity > 2;
3. σ contains at least two unary functions.
Lemma 2 ([10, Theorems 16.52, 16.54, 16.58]) A theory of complex signature is finitely inseparable.
Since by definition, a complex signature σ may consist only of a single
(predicate of function) symbol and any theory in such signature σ is not ∆–
decomposable (for any subset ∆ ⊆ σ), point (1) of the main theorem below is
formulated wrt extensions of complex signatures.
Theorem 1 (1) For any complex signature σ, there exists a finite extension
Σ ⊇ σ such that the ∅–decomposability problem for Σ is undecidable.
(2) For a finite signature Σ consisting of monadic predicates and constants it is
coNEXPTIME-complete to decide whether a finite theory in signature Σ is
∆–decomposable with a given partition {σ1 , σ2 }.
Proof. Let us formulate several auxiliary lemmas and propositions.
Lemma 3 Let T be a theory and {σ1 , σ2 , ∆} be a partition of the signature of
T . For i = 1, 2, denote by Ti the set of formulas in signature Σi = σi ∪∆ entailed
by T . Then the following conditions are equivalent:
1. T is ∆–decomposable into components in signatures Σ1 and Σ2 , respectively;
2. if M is a model in signature sig (T ) and M|Σi |= Ti for i = 1, 2, then
M |= T .
Proof of the lemma. (1)⇒(2): If T is ∆–decomposable into some components in
signatures Σ1 and Σ2 , then T is ∆–decomposable into T1 , T2 , which trivially
yields (2).
(2)⇒(1): we have T |= T1 ∪ T2 , thus it suffices to show that T1 ∪ T2 |= T . Let
M |= T1 ∪ T2 , then M|Σi |= Ti for i = 1, 2 and hence, M |= T . 
For a natural number n, denote by θn the equality sentence which holds only
in models of cardinality > n.
Lemma 4 Let ϕ be a sentence which is neither valid, nor unsatisfiable and
assume that ϕ and ¬ϕ do not have models of the same cardinality. Then either
ϕ, or ¬ϕ is equivalent to a sentence θn for some n ∈ ω.
Proof of the lemma. Consider the sets
D+ = {n ∈ ω | ϕ has a model of cardinality n}
D− = {n ∈ ω | ¬ϕ has a model of cardinality n}

It holds D+ ∪ D− = ω and from the condition of the lemma we have D+ ∩
D = ∅. Clearly, one of the sets D+ or D− is finite, because otherwise ϕ and ¬ϕ
would have countable models. Assume that D+ is finite, it is not hard to verify
that the definition of this set yields
that M |= ϕ iff card (M) ∈ D+ . Hence ϕ is
W
equivalent to the disjunction n∈D+ θn and thus, is equivalent to the sentence
θm , where m is the infimum of D+ . 
−

Proposition 1 Let σ1 and σ2 be disjoint signatures such that |σ1 | = 1 and
1 6 |σ2 | 6 2. Consider the theory T = {ϕ ∨ (ϕ0 ∧ ψ 0 ) ∨ (¬ϕ0 ∧ ψ 00 ) ∨ ψ} such that
ϕ, ϕ0 , ψ 0 , ψ 00 , ψ are sentences, sig (T ) = σ1 ∪ σ2 , and the following conditions
hold:
–
–
–
–
–

sig (ϕ) = sig (ϕ0 ) = σ1 ;
sig (ψ) ⊆ σ2 and sig (ψ 0 ) = sig (ψ 00 ) ⊆ σ2 ;
|sig (ψ)| = |sig (ψ 0 )| = |sig (ψ 00 )| = 1;
ϕ0 , ψ 0 , ψ 00 , ψ and their negations have models of any cardinality;
the sentence ψ 0 ∧ ¬ψ 00 has models of any cardinality.
Then the theory T is ∅–decomposable iff ϕ is valid.

Proof of the proposition. For the sake of clarity, we note that there exist signatures σ1 , σ2 and sentences ϕ0 , ψ 0 , ψ 00 , ψ satisfying the conditions of the proposition. For instance, if σ1 consists of a binary predicate R and σ2 = {P, Q},
where P, Q are monadic predicates, then ϕ0 = ∃x, yR(x, y), ψ 0 = ∀xP (x),
ψ 00 = ∃x¬P (x), ψ = ∃xQ(x) are the sentences satisfying the above conditions.
We also note that the presence of ψ in the definition of T is not important for
proving the proposition (it holds for the theory T defined without the disjunct
ψ), however it will be necessary for the proof of point (2) of Theorem 1.
If ϕ is valid then the theory T is tautological and hence, ∅–decomposable.
Now assume that ϕ is not valid, but T is ∅–decomposable into some components
S1 and S2 in signatures Σ1 and Σ2 , respectively. We consider the three possible
cases:
(A) Σ1 = σ1 and Σ2 = σ2 ;
(B) Σ1 = σ1 ∪ sig (ψ 0 ) and Σ2 = sig (ψ);
(C) Σ1 = σ1 ∪ sig (ψ) and Σ2 = sig (ψ 0 );
Suppose that ϕ is satisfiable and assume first that ϕ and ¬ϕ have models of
the same cardinality. Suppose (A) holds and consider the sentences
ξ1 = ¬ϕ ∧ (ϕ0 ∧ ψ 0 ),

ξ2 = ϕ ∧ ¬ψ 0 ∧ ¬ψ

It follows from the conditions of proposition that the sentences ϕ0 ∧ ψ 0 and
¬ψ 0 ∧ ¬ψ have models of any cardinality and ξ1 is satisfiable iff so is ¬ϕ ∧ ϕ0 .
Assume this is the case. Then by our assumption on ϕ, there exist models Mi |=
ξi , i = 1, 2 having a common domain. We have M1 , M2 |= T , hence, there exists
a model M such that M |Σi = Mi |Σi for i = 1, 2. We have M |Σi |= Si , thus
by Lemma 3, we must have M |= T , which is obviously not the case, since
M |= ¬ϕ ∧ ϕ0 ∧ ¬ψ 0 ∧ ¬ψ.

If ¬ϕ ∧ ϕ0 is unsatisfiable, then ¬ϕ ∧ ¬ϕ0 has a model and we consider the
sentences
ξ1 = ¬ϕ ∧ (¬ϕ0 ∧ ψ 00 ), ξ2 = ϕ ∧ ¬ψ 00 ∧ ¬ψ
By the assumption on ϕ and by the conditions of the proposition, we again
conclude that there exist models Mi |= ξi , i = 1, 2 having a common domain,
thus there is a model M such that M |Σi = Mi |Σi for i = 1, 2. We arrive at
contradiction, since M |= ¬ϕ ∧ ¬ϕ0 ∧ ¬ψ 00 ∧ ¬ψ, and therefore conclude that case
(A) is impossible.
No assume we have (B). Then similarly, we consider models of the sentences
ξ1 = ¬ϕ ∧ (ε ϕ0 ∧ ¬ψ 0 ) ∧ ψ,

ξ2 = ϕ ∧ ¬ψ

having a common domain (where ε stands for a possible negation and  stands
for an additional 0 in case ¬ϕ ∧ ϕ0 is unsatisfiable). Then again by using Lemma
3 we conclude that case (B) is impossible.
Finally, in case (C) it suffices to consider the models
M1 = ¬ϕ ∧ (ε ϕ0 ∧ ψ 0 ) ∧ ¬ψ,

M2 = ϕ ∧ ¬ψ 0

having a common domain to show that this case is impossible.
Now suppose that ϕ and ¬ϕ do not have models of the same cardinality.
Then by Lemma 4, the theory T is equivalent to θ ∨ (ϕ0 ∧ ψ 0 ) ∨ (¬ϕ ∧ ψ 00 ) ∨ ψ,
where θ is an equality sentence. It is proved analogously by considering cases
(A)-(C) that T is not ∅–decomposable. For example, let us consider case (A).
Take the formulas
ξ1 = ¬θ ∧ ¬ϕ0 ∧ ψ, ξ2 = ¬θ ∧ (ϕ0 ∧ ψ 0 ) ∧ ¬ψ 00
It follows from the conditions of the proposition that the sentences ¬ϕ0 ∧ ψ
and (ϕ0 ∧ ψ 0 ) ∧ ¬ψ 00 have models of any cardinality. Therefore there exist models
Mi |= ξi , i = 1, 2 having a common domain, which by Lemma 3 yields that case
(A) is impossible.
If ϕ is unsatisfiable, then T is equivalent to (ϕ0 ∧ ψ 0 ) ∨ (¬ϕ ∧ ψ 00 ) ∨ ψ and it is
proved analogously by considering cases (A)-(C) that T is not ∅–decomposable.

Proposition 2 Let T be a finite theory with |sig (T )| = 2 and let T entail
among equality formulas only tautologies. Assume T is ∅–decomposable into
components S1 and S2 which are decidable theories.
Then the following holds: if the ∅–decomposability problem is decidable for
signature sig (T ), then T is decidable.
Proof of the proposition. First let us note the following property (∗): for any
sentence ϕ, with sig (ϕ) ⊆ sig (Si ) for some i = 1, 2, we have T |= ϕ iff Si |= ϕ.
For instance, let sig (ϕ) ⊆ sig (S1 ). W.l.o.g. we may assume that S1 and S2
are finitely axiomatizable by some sentences ξ1 and ξ2 , respectively. We have

ξ1 , ξ2 |= ϕ, thus by interpolation there is an equality formula θ such that ξ2 |= θ
and θ |= ξ1 → ϕ. By the conditions of the proposition, only tautological equality
formulas are entailed by T , so we obtain ξ1 |= ϕ, i.e. S1 |= ϕ.
We now show how to obtain a decision procedure for T . Let ϕ be an arbitrary
sentence with sig (ϕ) ⊆ sig (T ). By property (∗) and the decidability of Si ,
i = 1, 2, it suffices to consider the case when sig (ϕ) = sig (T ). Consider the
finite theory T 0 = T ∪{ϕ}. If T 0 is not ∅–decomposable then clearly, T 6|= ϕ. If T 0
is ∅–decomposable, then we compute decomposition components as follows. Let
ψ be a sentence which axiomatizes T 0 . Computing decomposition components of
T 0 reduces to finding sentences ψ1 and ψ2 such that sig (ψi ) ⊆ sig (Si ), ψ |= ψi
and ∧ψi |= ψ, for i = 0, 1. Since T 0 is known to be ∅–decomposable and the
entailment relation is computably enumerable, this procedure is effective. Now it
remains to note that T |= ϕ holds iff ξi |= ψi for i = 1, 2. The “only if” direction
is obvious and for the “if” direction note that T |= ϕ yields T = T 0 , hence T is
equivalent to {ψ0 } ∪ {ψ1 } and property (∗) gives the required statement. 
Let us complete the proof of Theorem 1.
(Point 1.) Consider the signature Σ = σ1 ∪ σ2 , where σ1 ∩ σ2 = ∅, σ1
consists of a predicate or a function symbol of arity > 2 and σ2 is a non-empty
signature. Then, by Lemmas 1, 2 and Proposition 1, the Σ10 –complete set of valid
sentences in signature σ1 is 1-reducible to the set of ∅-decomposable theories in
signature Σ. Note also that the ∆-decomposability problem for a finite signature
is computably enumerable which shows Σ10 –completeness.
Now assume that Σ consists of two unary function symbols and consider the
set T of valid sentences in signature Σ. The theory T is finitely axiomatizable
and ∅–decomposable into components Si , i = 1, 2 which are decidable theories
(e.g. see [10], Chapter 13). By Propositions 2 and 1 we obtain the truth-table
reducibility of the Σ10 –complete set of valid sentences in signature Σ to the set
of ∅–decomposable theories in signature Σ.
(Point 2.) It is known that the set of valid formulas in a signature consisting of monadic predicates and constants (we call such signature monadic) is
coNEXPTIME-complete [2]. In fact, we will present a construction for proving
that the complexity of deciding ∆–decomposability with a given signature partition coincides with the complexity of the entailment relation in the underlying
fragment of first-order logic. The construction uses the idea from Proposition 1.
It also shows that deciding ∅–decomposability is at least as hard as deciding the
entailment in the underlying fragment.
Let ϕ be a sentence in signature Σ and let ∆ ⊆ sig (ϕ) be a subsignature.
We note the following first: the theory {ϕ} is ∆–decomposable into some components in signatures Σ1 and Σ2 , respectively, iff ϕ|Σ1 ∧ ϕ|Σ2 |= ϕ holds, where
sig (ϕ|Σ1 ) ∩ sig (ϕ|Σ2 ) = ∆ and for i = 1, 2, ϕ|Σi is a “copy” of ϕ, with all the
symbols from (Σ3−i \ ∆) injectively renamed into “fresh” ones, not present in
sig (ϕ).
The “if” direction is obvious: if {ψ1 } and {ψ2 } are the corresponding decomposition components of {ϕ}, then ϕ|Σi |= ψi , for i = 1, 2. The “only if”

direction is a consequence of Lemma 1 in [13] (or Theorems 4 and 12 in [7]) and
is proved by using interpolation as follows. We have ϕ|Σ1 ∧ ϕ|Σ2 |= ϕ, hence
ϕ|Σ1 |= ϕ|Σ2 → ϕ and thus, there is a formula θ1 , with sig (θ1 ) ⊆ Σ1 , such
that ϕ|Σ1 |= θ1 and θ1 ∧ ϕ|Σ2 |= ϕ. Therefore, ϕ|Σ2 |= θ1 → ϕ and there is a
formula θ2 , with sig (θ2 ) ⊆ Σ2 , such that ϕ|Σ2 |= θ2 and θ1 ∧ θ2 |= ϕ. Since
any model of ϕ expands to a model of ϕ|Σi , for i = 1, 2, we have ϕ |= θi and
hence, ϕ is equivalent to θ1 ∧ θ2 . By the definition of θi , we conclude that {ϕ} is
∆–decomposable into the components {θ1 } and {θ2 } in signatures Σ1 and Σ2 ,
respectively.
It follows that {ϕ} is ∆–decomposable iff there is a partition {σ, σ2 } of signature sig (ϕ) \ ∆ such that for Σi = σi ∪ ∆, i = 1, 2, the formula ϕ|Σ1 ∧ ϕ|Σ2 → ϕ
is valid, which shows that our problem is in coNEXPTIME.
Let us now prove coNEXPTIME-hardness. We will show that there exist a
monadic signature Σ and a partition π = {σ1 , σ2 } of Σ such that the set of valid
sentences in a monadic signature containing at least one predicate 1-reduces to
the set of finite theories in signature Σ, which are ∅-decomposable with the
partition π. We will extend the construction from Proposition 1 (which works
only for sentences in signatures of cardinality 1).
Let ϕ be a sentence in a monadic signature and let sig (ϕ) contain at least
one monadic predicate. Consider the theory defined as T = {ϕ∨(ϕ0 ∧ψ 0 )∨(¬ϕ0 ∧
ψ 00 )∨ψ} and satisfying all the conditions of Proposition 1, except that ϕ0 , ψ 0 , ψ 00 ,
and ψ now have monadic predicate signatures, |sig (ϕ)| > 1, sig (ϕ0 ) ⊆ sig (ϕ),
and |sig (ϕ0 )| = 1. Define the theory
T0 =T ∪{

^

(µ(s) ∨ η) },

s∈sig (ϕ)

where for each s ∈ sig (ϕ), µ(s) is a sentence in signature {s} and η is a
sentence, with |sig (η)| = 1, such that:
–
–
–
–

sig (η) ∩ sig (T ) = ∅;
η and ¬η have
V models of any cardinality;
the sentence s∈sig (ϕ) µ(s) is satisfiable;
every ¬µ(s), for s ∈ sig (ϕ), has models of any cardinality.

We claim that T 0 is ∅–decomposable with the signature partition {sig (ψ 0 )∪
sig (ψ), sig (ϕ)∪sig (η)} iff ϕ is valid. TheV“only if” direction is trivial, since in
this case T 0 is equivalent to the sentence χ∧ s∈sig (ϕ) (µ(s)∨η), where χ is a tautological sentence in signature sig (ψ 0 ) ∪ sig (ψ). To prove the converse, assume
¬ϕ is satisfiable and let us show that in this case T 0 is not ∅–decomposable.
Note the following simple property which is a consequence of interpolation.
Lemma 5 Let ∆ be a signature and ψ1 , ψ2 be sentences such that sig (ψ1 ) ∩
sig (ψ2 ) = ∆. Assume ψ1 ∧ ψ2 |= ξ1 ∨ ξ2 , where ξi is a sentence with sig (ξi ) ⊆
sig (ψi ), for i = 1, 2. Then ψ1 ∧ ψ2 |= (ξ1 ∨ θ∆ ) ∧ (¬θ∆ ∨ ξ2 ) for some sentence
θ∆ in signature ∆ (in particular, if ∆ = ∅, then θ∆ is an equality formula).

Proof of the lemma. We have ψ1 ∧ ψ2 |= ξ1 ∨ ξ2 , hence ψ1 ∧ ¬ξ1 |= ψ2 → ξ2 and
by the conditions of the lemma, we have sig (ψ1 ∧ ¬ξ1 ) ∩ sig (ψ2 → ξ2 ) = ∆.
Then there exists a formula θ∆ in signature ∆ such that ψ1 ∧ ¬ξ1 |= θ∆ and
θ∆ |= ψ2 → ξ2 hold. Therefore we obtain ψ1 |= ξ1 ∨ θ∆ , and ψ2 |= ¬θ∆ ∨ ξ2 . 
It follows from the lemma that if T 0 is ∅–decomposable, then all symbols
from sig (ϕ) must be contained with sig (η) together in one decomposition
component. For suppose the opposite, i.e. T 0 is ∅–decomposable into some components in signatures Σ1 and Σ2 and there is s ∈ sig (ϕ) such that s ∈ Σ1 and
sig (η) ⊆ Σ2 . Then by the lemma above we have T 0 |= (µ(s) ∨ θ) ∧ (¬θ ∨ η),
where θ is an equality formula. Assume ¬θ is satisfiable. By our conditions, the
sentences ψ, η, and ¬µ(s) have disjoint signatures and have models of any cardinality. Therefore, there exists a structure M |= ψ ∧ η ∧ ¬µ(s) ∧ ¬θ which is
a model of T 0 , but this contradicts the entailment T 0 |= µ(s) ∨ θ. If ¬θ is not
satisfiable, then we have T 0 |= η, which isVagain not the case, because there is a
model M of T 0 such that M |= ψ ∧ ¬η ∧ s∈sig (ϕ) µ(s).
Since all the signature symbols of sig (ϕ) must then belong to one decomposition component together with the symbol from sig (η), the proof of Proposition
1 shows that T 0 is not ∅–decomposable, because w.l.o.g. we may now assume
that |sig (ϕ)| = 1 and every model of T considered in the proof of Proposition
1 expands to a model of T 0 by interpreting the symbol from sig (η) such that
η is satisfied. This proves coNEXPTIME-hardness and concludes the proof of
Theorem 1. 
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