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System Model:
Real-Time Sporadic Task

Execution time

Relative deadline

Minimum time between
job releases
(or simply period)

[Liu and Layland 1973]
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Priorities assumption: Task with a smaller index has a higher priority

Question: Is there such a scenario, that the task 𝝉𝟑 misses a deadline?

Possible solutions:
- Exact (NP-hard);
- Suboptimal (pessimistic)
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Schedulability Test for Multiprocessors: NP-hard Problem

Exact            vs. Sufficient

Estimates
the worst-case
execution scenario

Exact Pessimistic

Exponential
runtime complexity

Lower
(<= pseudopolynomial)
runtime complexity

Based on examining
various (all?) possible 
scenarios
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Exact vs. Sufficient Schedulability Tests
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State Transition Graph

0 2 4 6 8 t10 12

τ1 = (3, 5)
τ 2 = (4, 6)
τ 3 = (5, 9)

m = 2- Next earliest possible release of a job

Consider the following GFP schedule:
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State Transition Graph
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τ1 = (3, 5)
τ 2 = (4, 6)
τ 3 = (5, 9)

m = 2
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Note: The release scenario above is just one out of many legal release scenarios
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Note: The release scenario above is just one out of many legal release scenarios
State transition graph presented on the next slides aims at modeling all possible schedules
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τ 2 = (3, 7) (0,0)

(0,0)

m = 1

State Transition Graph Example
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(0,1)

(3,8)
(0,1)

(3,8)
(2,4)

(3,7)
(1,3)

(3,6)
(0,2)

(2,5)
(0,1)

(1,4)
(0,0)

(1,4)
(2,4)

(1,4)
(1,3)

(1,3)
(0,2)

(0,3)
(2,3)

(0,2)
(1,2)

(0,1)
(0,1)

(0,1)
(0,2)

(0,1)
(1,3)

(0,1)
(0,0)

(0,1)
(2,4)

No deadline miss!
(unlike FP scheduling on 
the previous slide)

Another Example for GEDF with NO Deadline Miss

𝜏! = (3,8)
𝜏" = (2,4)
m = 1
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(0,0)
(0,0)
(0,0)

(1,2)
(2,3)
(0,0)

(0,1)
(1,2)
(3,4)

(0,1)
(1,2)
(0,0)

(0,0)
(2,3)
(0,0)

(1,2)
(1,2)
(3,4)

(0,1)
(0,1)
(3,3)

(0,0)
(1,2)
(3,4)

(1,2)
(1,2)
(0,0)

(0,0)
(1,2)
(0,0)

(1,2)
(0,1)
(2,3)

(0,0)
(0,1)
(2,3)

(0,1)
(0,1)
(3,4)

(0,1)
(0,1)
(0,0)

(1,2)
(0,1)
(3,4)

(1,2)
(0,0)
(0,0)

(0,1)
(0,0)
(3,4)

(0,1)
(2,3)
(0,0)

(1,2)
(2,3)
(3,4)

(0,1)
(1,2)
(3,3)

(1,2)
(0,1)
(2,2)

(0,0)
(0,1)
(2,2)

(0,1)
(0,0)
(1,1)

(0,1)
(2,3)
(1,1)

(1,2)
(2,3)
(1,1)(0,0)

(2,3)
(1,1)(1,2)

(0,0)
(1,1)

(0,0)
(0,0)
(1,1)

(0,0)
(0,0)
(3,4)

(0,0)
(0,0)
(2,3)

(0,0)
(0,0)
(1,2)

(1,2)
(0,0)
(3,4)

(0,0)
(2,3)
(3,4)

(0,1)
(0,0)
(2,3)

(0,1)
(2,3)
(2,3)

(0,0)
(1,2)
(2,3)

(1,2)
(1,2)
(2,3)

(0,0)
(0,1)
(1,2)

(1,2)
(0,1)
(1,2)

(0,1)
(0,1)
(2,2)

(0,1)
(2,2)
(0,1)

NO PRUNING

(1,2)
(1,1)
(0,0)

(0,0)
(1,1)
(0,0)

(0,1)
(0,0)
(0,0)

(0,1)
(2,3)
(3,4)

(0,0)
(0,1)
(3,4)

(1,2)
(0,1)
(0,0)

(0,0)
(0,1)
(0,0)

(1,2)
(0,0)
(1,2)

(0,0)
(2,3)
(1,2)

(1,2)
(2,3)
(1,2)

(0,0)
(1,1)
(3,4)

(0,0)
(0,0)
(0,1)

(1,2)
(0,0)
(0,1)

(0,0)
(2,3)
(0,1)

(1,2)
(2,3)
(0,1)

(0,1)
(0,0)
(0,1)
(0,1)
(2,3)
(0,1)

(0,0)
(1,2)
(0,1)
(1,2)
(1,2)
(0,1)

(1,2)
(1,1)
(3,4)

(0,1)
(2,3)
(3,3)

(0,1)
(0,0)
(3,3)

(1,2)
(1,2)
(2,2)

(0,1)
(0,1)
(2,1)

(1,2)
(0,0)
(2,3)

(0,0)
(2,3)
(2,3) (1,2)

(2,3)
(2,3)

(0,1)
(2,2)
(3,4)

(0,1)
(2,2)
(0,0)

(1,2)
(1,1)
(2,3)

(0,0)
(1,1)
(2,3)

(0,1)
(2,3)
(2,2)

(0,1)
(0,0)
(2,2)

(0,1)
(0,0)
(1,2) (0,1)

(2,3)
(1,2) (0,0)

(1,2)
(1,2) (1,2)

(1,2)
(1,2)

(0,1)
(1,2)
(2,2)(1,2)

(0,1)
(0,1)

(0,0)
(0,1)
(0,1)

(0,1)
(0,1)
(1,1)

(0,0)
(0,1)
(1,1)

(1,2)
(0,1)
(1,1)

(0,0)
(2,3)
(2,2)

(1,2)
(0,0)
(2,2)

(0,0)
(0,0)
(2,2)

(1,2)
(2,2)
(2,2)

(0,1)
(2,2)
(1,1)

(1,2)
(1,2)
(1,1)

(0,0)
(1,2)
(1,1)

(0,1)
(1,1)
(3,4)

(0,1)
(1,1)
(0,0)

𝑡0 1 2 3 4 5 6 7 8

𝜏!
𝜏"
𝜏#

𝜏!
𝜏"
𝜏#

Scenario A
(sync):

Scenario B
(async):

- deadline/next earliest release
- execution release/preemption

- job release/completion

𝜏# = 1,2
𝜏$ = 2,3
𝜏% = 3,4
𝑚 = 2
𝐺𝐸𝐷𝐹

Transitions for Graph States:
- transition in one clock tick
(straight solid arrow)

- transition “back in time”
(curved dashed arrow)

State with a deadline
to be missed 44

Another
Example
for 3 tasks
and GEDF



τ1
τ 2
τ 3
nt

relt

jobs  1+³ m< m  jobs

Pruning:
Critical Release Instant of Davis and Burns (2011):
Sufficient to consider only such releases 𝑡rel for 𝜏", that satisfy the following constraints

1

2

3

1

2

4

m = 3

t
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(1,4)
(3,7)

(0,1)
(3,7)

(0,2)
(3,7)

(0,3)
(3,7)

(0,0)
(0,0)

(2,5)
(0,0)

(2,5)
(3,7)

(1,4)
(0,0)

(0,0)
(2,6)

(2,5)
(2,6)

(1,4)
(3,6)

(0,3)
(0,0)

(0,3)
(3,6)

(0,0)
(1,5)

(2,5)
(1,5)

(1,4)
(2,5)

(0,3)
(3,5)

(0,2)
(0,0)

(0,2)
(2,6)

(0,2)
(2,5)

(0,0)
(0,4)

(2,5)
(0,4)

(1,4)
(1,4)

(0,3)
(2,4)

(0,2)
(2,4)

(0,1)
(0,0)

(0,1)
(1,5)

(0,1)
(1,4)

(0,0)
(0,3)

(2,5)
(0,3)

(1,4)
(0,3)

(0,3)
(1,3)

(0,2)
(1,3)

(0,1)
(1,3)

(0,1)
(2,6)

(0,0)
(0,2)

(2,5)
(0,2)

(1,4)
(0,2)

(0,3)
(0,2)

(0,2)
(0,2)

(0,1)
(0,2)

(0,0)
(0,1)

(2,5)
(0,1)

(1,4)
(0,1)

(0,3)
(0,1)

(0,2)
(0,1)

(0,1)
(0,1)

(3,7)
(0,0)

τ1 = (2, 5)
τ 2 = (3, 7)
m = 1

State Transition Graph:
Pruning by Davis and Burns 2011
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Pruning Constraint 2:
Job Interference

- Job is pending, but no resource allocated

J2,1
J3,1

J4,1

τ1
τ 2
τ 3
τ 4

0 2 4 6 8 t10 12

m = 2
J1,1

J2,2
J3,2
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J2,2
J3,2J3,1

τ1
τ 2
τ 3
τ 4

Pruning Constraint 2:
Job Interference

0 2 4 6 8 t10 12

m = 2
J1,1

J2,1

All jobs, not interfering with lower-priority ones, can be removed

J4,1
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τ1
τ 2
τ 3
τ 4

Pruning Constraint 2:
Job Interference

0 2 4 6 8 t10 12

m = 2

J3

J1
J2

J4

(0,0)
(0,0)
(4,7)

+1

(0,0)

(3,5)
(0,0)
(3,6)

+1

(0,0)

(2,4)
(2,6)
(2,5)

+2

(5,10)

(0,2)
(0,4)
(2,3)

+2

(5,8)

(0,2)
(0,4)
(0,1)
(2,6)
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τ1
τ 2
τ 3
τ 4

Pruning Constraint 2:
Job Interference

0 2 4 6 8 t10 12

m = 2

J3

J1
J2

J4

(0,0)
(0,0)
(4,7)

+1

(0,0)

(3,5)
(0,0)
(3,6)

+1

(0,0)

(2,4)
(2,6)
(2,5)

+2

(5,10)

(0,2)
(0,4)
(2,3)

+2

(5,8)

(0,2)
(0,4)
(0,1)
(2,6)
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τ1
τ 2
τ 3
τ 4

Pruning Constraint 2:
Job Interference

0 2 4 6 8 t10 12

m = 2

J3

J1
J2

J4J4

(0,0)
(0,0)
(4,7)

+1

(0,0)

(3,5)
(0,0)
(3,6)

+1

(0,0)

(2,4)
(2,6)
(2,5)

+2

(5,10)

(0,2)
(0,4)
(2,3)

+2

(5,8)

(0,2)
(0,4)
(0,1)
(2,6)

(3,5)
(0,0)
(3,6)

(5,10)

…
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(0,0)
(0,0)
(0,0)

(1,2)
(2,3)
(0,0)

(0,1)
(1,2)
(3,4)

(0,1)
(1,2)
(0,0)

(0,0)
(2,3)
(0,0)

(1,2)
(1,2)
(3,4)

(0,1)
(0,1)
(3,3)

(0,0)
(1,2)
(3,4)

(1,2)
(1,2)
(0,0)

(0,0)
(1,2)
(0,0)

(1,2)
(0,1)
(2,3)

(0,0)
(0,1)
(2,3)

(0,1)
(0,1)
(3,4)

(0,1)
(0,1)
(0,0)

(1,2)
(0,1)
(3,4)

(1,2)
(0,0)
(0,0)

(0,1)
(0,0)
(3,4)

(0,1)
(2,3)
(0,0)

(1,2)
(2,3)
(3,4)

(0,1)
(1,2)
(3,3)

(1,2)
(0,1)
(2,2)

(0,0)
(0,1)
(2,2)

(0,1)
(0,0)
(1,1)

(0,1)
(2,3)
(1,1)

(1,2)
(2,3)
(1,1)(0,0)

(2,3)
(1,1)(1,2)

(0,0)
(1,1)

(0,0)
(0,0)
(1,1)

(0,0)
(0,0)
(3,4)

(0,0)
(0,0)
(2,3)

(0,0)
(0,0)
(1,2)

(1,2)
(0,0)
(3,4)

(0,0)
(2,3)
(3,4)

(0,1)
(0,0)
(2,3)

(0,1)
(2,3)
(2,3)

(0,0)
(1,2)
(2,3)

(1,2)
(1,2)
(2,3)

(0,0)
(0,1)
(1,2)

(1,2)
(0,1)
(1,2)

(0,1)
(0,1)
(2,2)

(0,1)
(2,2)
(0,1)

NO PRUNING

(1,2)
(1,1)
(0,0)

(0,0)
(1,1)
(0,0)

(0,1)
(0,0)
(0,0)

(0,1)
(2,3)
(3,4)

(0,0)
(0,1)
(3,4)

(1,2)
(0,1)
(0,0)

(0,0)
(0,1)
(0,0)

(1,2)
(0,0)
(1,2)

(0,0)
(2,3)
(1,2)

(1,2)
(2,3)
(1,2)

(0,0)
(1,1)
(3,4)

(0,0)
(0,0)
(0,1)

(1,2)
(0,0)
(0,1)

(0,0)
(2,3)
(0,1)

(1,2)
(2,3)
(0,1)

(0,1)
(0,0)
(0,1)
(0,1)
(2,3)
(0,1)

(0,0)
(1,2)
(0,1)
(1,2)
(1,2)
(0,1)

(1,2)
(1,1)
(3,4)

(0,1)
(2,3)
(3,3)

(0,1)
(0,0)
(3,3)

(1,2)
(1,2)
(2,2)

(0,1)
(0,1)
(2,1)

(1,2)
(0,0)
(2,3)

(0,0)
(2,3)
(2,3) (1,2)

(2,3)
(2,3)

(0,1)
(2,2)
(3,4)

(0,1)
(2,2)
(0,0)

(1,2)
(1,1)
(2,3)

(0,0)
(1,1)
(2,3)

(0,1)
(2,3)
(2,2)

(0,1)
(0,0)
(2,2)

(0,1)
(0,0)
(1,2) (0,1)

(2,3)
(1,2) (0,0)

(1,2)
(1,2) (1,2)

(1,2)
(1,2)

(0,1)
(1,2)
(2,2)(1,2)

(0,1)
(0,1)

(0,0)
(0,1)
(0,1)

(0,1)
(0,1)
(1,1)

(0,0)
(0,1)
(1,1)

(1,2)
(0,1)
(1,1)

(0,0)
(2,3)
(2,2)

(1,2)
(0,0)
(2,2)

(0,0)
(0,0)
(2,2)

(1,2)
(2,2)
(2,2)

(0,1)
(2,2)
(1,1)

(1,2)
(1,2)
(1,1)

(0,0)
(1,2)
(1,1)

(0,1)
(1,1)
(3,4)

(0,1)
(1,1)
(0,0)

𝑡0 1 2 3 4 5 6 7 8

𝜏!
𝜏"
𝜏#

𝜏!
𝜏"
𝜏#

Scenario A
(sync):

Scenario B
(async):

- deadline/next earliest release
- execution release/preemption

- job release/completion

𝜏# = 1,2
𝜏$ = 2,3
𝜏% = 3,4
𝑚 = 2
𝐺𝐸𝐷𝐹

Transitions for Graph States:
- transition in one clock tick
(straight solid arrow)

- transition “back in time”
(curved dashed arrow)

State with a deadline
to be missed 52

Non-pruned
graph



(0,0)
(0,0)
(0,0)

(1,2)
(2,3)
(0,0)

(0,1)
(1,2)
(3,4)

(0,1)
(1,2)
(0,0)

(0,0)
(2,3)
(0,0)

(1,2)
(1,2)
(3,4)

(0,1)
(0,1)
(3,3)

(0,0)
(1,2)
(3,4)

(1,2)
(1,2)
(0,0)

(0,0)
(1,2)
(0,0)

(1,2)
(0,1)
(2,3)

(0,0)
(0,1)
(2,3)

(0,1)
(0,1)
(3,4)

(0,1)
(0,1)
(0,0)

(1,2)
(0,1)
(3,4)

(1,2)
(0,0)
(0,0)

(0,1)
(0,0)
(3,4) (0,1)

(2,3)
(0,0)

(1,2)
(2,3)
(3,4)

(0,1)
(1,2)
(3,3)

(1,2)
(0,1)
(2,2)

(0,0)
(0,1)
(2,2)

(0,1)
(2,3)
(1,1)

(0,1)
(0,0)
(1,1)

(1,2)
(2,3)
(1,1)

(0,0)
(2,3)
(1,1)

(1,2)
(0,0)
(1,1)

(0,0)
(0,0)
(1,1)

(0,0)
(0,0)
(3,4)

(0,0)
(0,0)
(2,3)

(0,0)
(0,0)
(1,2)

(1,2)
(0,0)
(3,4)

(0,0)
(2,3)
(3,4)

(0,1)
(0,0)
(2,3)

(0,1)
(2,3)
(2,3)

(0,0)
(1,2)
(2,3)

(1,2)
(1,2)
(2,3)

(0,0)
(0,1)
(1,2)

(1,2)
(0,1)
(1,2)

(0,1)
(0,1)
(2,2)

(0,1)
(2,2)
(0,1)

(1,2)
(1,1)
(0,0)

(0,0)
(1,1)
(0,0)

(0,1)
(0,0)
(0,0)

(0,1)
(2,3)
(3,4)

(0,0)
(0,1)
(3,4)

(1,2)
(0,1)
(0,0)

(0,0)
(0,1)
(0,0)

(1,2)
(0,0)
(1,2)

(0,0)
(2,3)
(1,2)

(1,2)
(2,3)
(1,2)

(0,0)
(1,1)
(3,4)

(0,0)
(0,0)
(0,1)

(1,2)
(0,0)
(0,1)

(0,0)
(2,3)
(0,1)
(1,2)
(2,3)
(0,1)
(0,1)
(0,0)
(0,1)
(0,1)
(2,3)
(0,1)

(0,0)
(1,2)
(0,1)

(1,2)
(1,2)
(0,1)

(1,2)
(1,1)
(3,4)

(0,1)
(2,3)
(3,3)

(0,1)
(0,0)
(3,3)

(1,2)
(1,2)
(2,2)

(0,1)
(0,1)
(2,1)

(1,2)
(0,0)
(2,3) (0,0)

(2,3)
(2,3)

(1,2)
(2,3)
(2,3)

(0,1)
(2,2)
(3,4)

(0,1)
(2,2)
(0,0)

(1,2)
(1,1)
(2,3)

(0,0)
(1,1)
(2,3)

(0,1)
(2,3)
(2,2)

(0,1)
(0,0)
(2,2)

(0,1)
(0,0)
(1,2)

(0,1)
(2,3)
(1,2)

(0,0)
(1,2)
(1,2)

(1,2)
(1,2)
(1,2)

(0,1)
(1,2)
(2,2)

(1,2)
(0,1)
(0,1)

(0,0)
(0,1)
(0,1)

(0,1)
(0,1)
(1,1)

(0,0)
(0,1)
(1,1)

(1,2)
(0,1)
(1,1)

(0,0)
(2,3)
(2,2)

(1,2)
(0,0)
(2,2)

(0,0)
(0,0)
(2,2)

(1,2)
(2,3)
(2,2)

(0,1)
(2,2)
(1,1)

(1,2)
(1,2)
(1,1)

(0,0)
(1,2)
(1,1)(0,1)

(1,1)
(3,4)

(0,1)
(1,1)
(0,0)

𝜏* = 1,2,2
𝜏+ = 2,3,3
𝜏, = 3,4,4

𝑚 = 2
𝐺𝐸𝐷𝐹

(0,0)
(1,2)
(2,2)

𝑡0 1 2 3 4 5 6 7 8

𝜏!
𝜏"
𝜏#

Scenario C:

109

Deadline miss

- job interfered

𝜏!
𝜏"
𝜏#

Scenario A:

0 1 2 3 4 5 6 7 8 𝑡

𝑗!,!
𝑗",!

𝑗#,!

𝑗!," 𝑗!,# 𝑗!,%
𝑗","
𝑗#,"

Scenario B: 𝜏!
𝜏"
𝜏#
0 1 2 3 4 𝑡

𝑗′!,!
𝑗′",!
𝑗′#,!

Graph Pruned by a Job Interference Requirement



Pruning Based on the Worst-Case States Notion

τ1
τ ℓ
τ k

pℓp1 pk

c1
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Transitions for Graph States:
- transition in one clock tick
(straight solid arrow)

- transition “back in time”
(curved dashed arrow)
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Map for
Storing Visiting Graph States

Aims at facilitating
the implementation of
the worst-case states
pruning condition
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An Exact Schedulability Test for GFP (Pseudo-Code)



Some Evaluation Results for
Runtime and Memory Consumption
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Some Evaluation Results for
Achievable Schedulability Ratios
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Application of Exact Schedulability Test

- Performance evaluation of different scheduling strategies:
global, partitioned, and semi-partitioned scheduling;
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Uniprocessor Scheduling

Uniprocessor scheduler
(EDF, FP)

τ1

τ i

τ n

Processor

n tasks
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Multiprocessor Scheduling

n tasks

τ1

τ i

τ n

… Uniprocessor
scheduler used
(e.g. EDF, FP)

2 1 m

“Partitioned” multiprocessor scheduling:
Each task is statically assigned to some processor

Processors

Open Problem:
How to partition tasks
between processors? 66



Multiprocessor Scheduling

n tasks

τ1

τ i

τ n

… Global
scheduler
(GEDF, GFP)

2 1 m

Global scheduling:
Tasks migrate between all processors

Processors
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Partitioned FP (PFP) schedule
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Scheduling

Partitioned Global

…

τ1 τ 2 τ n

m …

τ1

τ n

m11

MultiprocessorUniprocessor

τ1 τ n

Well studied:
- efficient sched. tests;
- optimal schedulers.

[Liu and Layland 1973]
[Joseph and Pandya 1986]

No optimal strategy known
to partition tasks

Problem converges to
uniprocessor scheduling

Poorly understood:
- no efficient optimal schedulers;
- no exact schedulability test;
- no optimal priority assignment

for GFP

[Davis and Burns 2010] 69



Application of Exact Schedulability Test

- Performance evaluation of different scheduling strategies:
global, partitioned, and semi-partitioned scheduling;
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Application of Exact Schedulability Test

- Performance evaluation of different scheduling strategies:
global, partitioned, and semi-partitioned scheduling;
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Application of Exact Schedulability Test

- Performance evaluation of different scheduling strategies:
global, partitioned, and semi-partitioned scheduling;
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Application of Exact Schedulability Test

- Performance evaluation of different scheduling strategies:
global, partitioned, and semi-partitioned scheduling;
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Application of Exact Schedulability Test

- Performance evaluation of different scheduling strategies:
global, partitioned, and semi-partitioned scheduling;

[Burmyakov & Nikolic 2021] 74



Application of Exact Schedulability Test

- Performance evaluation of different scheduling strategies:
global, partitioned, and semi-partitioned scheduling;

- Efficiency analysis of different priority assignments:
RM, DM, DCMPO, DkC, DC;
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Application of Exact Schedulability Test

- Performance evaluation of different scheduling strategies:
global, partitioned, and semi-partitioned scheduling;

- Efficiency analysis of different priority assignments:
RM, DM, DCMPO, DkC, DC;
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Application of Exact Schedulability Test

- Performance evaluation of different scheduling strategies:
global, partitioned, and semi-partitioned scheduling;

- Efficiency analysis of different priority assignments:
RM, DM, DCMPO, DkC, DC;

77[Burmyakov & Nikolic 2021]


