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Valentin Turchin’s Trilogy

1. Philosophical part: Cybernetic Philosophy

o Book «The Phenomenon of Science: A Cybernetic
Approach to Human Evolution» (1977)

o Cybernetic Epistemology and Ontology (1990s)
o Cybernetic Manifesto (1989)
o Principia Cybernetica Project (1990s)

2.Social part: Application of the philosophy to society

o Book «The Inertia of Fear and the Scientific
Worldview» (1981)

o partly in «The Phenomenon of Science»

3. Scientific part: Application of the philosophy to science
o Programming metalanguage Refal (1960s)
o Metacomputation: Supercompilation (1972...)
o Cybernetic Foundations of Mathematics (1983)
Valentin Turchin: «Philosophy can be introduced into

minds only by demonstrating its usefulness and
productivity, obtaining concrete scientific results»

(the quote is inaccurate, the sense is conveyed from memory)

Tpunorna BaneHtTnHa TypumHa

1. dunocodckasn yactb: KnbepHetnyeckasa ¢unocodpums

o KHura «®eHomeH Hayku: KnbepHeTtnyeckumi
noaxon K asontoumn» (Hanmcana ~1970)

o KunbepHeTnyeckaa anncTemMosiorms N OHTO/I0TUS
o KunbepHetnuecknit manmodect (1989)
o MpoeKT Principia Cybernetica (1990-ble)

2. CoumanbHas yacTb: MpunosxkeHue ¢nnocodpum K obuiectsy

o KHura «MHepuusa ctpaxa: Counannsm n ToTaamtapmsm»
(1977)

o YacTnyHo B «PeHoMeHe HayKU»

3. HayyHana yacTtb: Mpunoxkenus punocodumu K Hayke

o MeTanAsblK nporpammmnposaHua Pedan (1960-e)

o MeTaBblunucneHums: cynepkomnunauma (1972...)

o KunbepHeTnyeckne ocHoBaHUA maTemaTmkm (1983)
B.®. TypunH: «®nnocodpumio MOXHO BHEAPUTb B YMbl, TONbKO

AEeMOHCTPUPYA ee NoAe3HOCTb U NPOAYKTUBHOCTb, NO/y4Yasn
KOHKPETHbIE Hay4Hble pe3yabTaTbl»

(UMTaTa HETOYHAA, CMbIC/ NepeaaH No NamaTK)
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1. Philosophical part: Cybernetic Philosophy  KnbepHetnueckaa dunocodpus

Book «The Phenomenon of Science: A Cybernetic KHura «®eHomeH Hayku: KubepHetnueckum
Approach to Human Evolution» (1977) nopxop K asonoumn» (HanucaHa ~1970)
* Modern scientific philosophy * CoBpemeHHaA Hay4yHaa ¢punocoPpums
o Science as modelling of the world; predictions o Hayka Kak mogennpoBaHmne mmpa; npeackasaHus
* Metasystem transition theory * KoHuenuua meTacUCTEMHOro nepexoaa
o Metasystem transition as a quantum of evolution o MeTacucTeMHbIN Nnepexos Kak KBaHT 3BONOLUM
— branching growth of the penultimate level — paspacTtaHue npeanocaeaHero ypoBHA
— staircase effect — 3 PeKT NecTHUUbI
— ultrametasystem transition — YNbTPAaMeTaCUCTEMHbIN Nepexos,
— (stabilization of pre-penultimate level) HeTy BOT }>— (ctabunusauma npea-npeanocnenHero yposHs)
o Evolution as series of metasystem transitions o IJBOJIIOUMA KaK cepmua MeTaCUCTEMHbIX nepexoaos
— biological evolution from dead matter — Buonormyeckana aBoaOLUA OT MEPTBON MaTeEPUN

to human beings [0 YenoBeKa

— (enigma of emergence of consciousness)  JEEEEEES . — (3aragKa BO3HWMKHOBEHMA CO3HaHMA)

— evolution of culture . OEHOMEH — 3BO/IOLMA KYNbTYpPbl
| HAYKH

— evolution of language and thinking — 3BOJIOUMA A3bIKA N MbILLUNEHUA

— evolution of mathematics and science — 3BOJIOUMA MAaTEMATUKN U HAYKU B LLEE/IOM

— social integration — CcoumanbHaA nHTerpauusa
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Notion of metasystem transition
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Notion of metasystem transition
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2. Social part: «The Inertia of Fear...»

Ob6wectBO

CoumnanbHas yacTb: «MHepuma cTpaxa...»

JINYHOCTDb

® O6LU|eCTBO — MeTacunucrtema Ha,ﬂ, MHAMBMAaN\M, KyﬂbTypa - (] BbICLUMG LI,eHHOCTl/I

Ha4 MblWIEHNEM
o COUWanbHasa nHterpauusa nrogen — ato MCI
o MOMEeT NPOoUCXoanTb NO-pasHOMY
o 3BOJMOUMA pa3Hoobpa3na cnocobos nHTErpaLmu
o «npasunabHbIM» MCI: meTacucTema COXpaHAEeT n

o CBEpX/MyHble; bonee cuNbHbIE, YEM BONA K KU3HU
o YTO0 ecTb [lobpo u 310

o CMbIC/ }XU3HU

o CBODOOAHbLIN BbIOOP BbICLLINX LEHHOCTEN N CMbIC/A

NCNONb3YyeT CBOMCTBA noacucrtem, Ho He No4aBNAEeT UX YU3HU

— OCHOBHOE CBOMCTBO Ye/ioBeKa — cBobogHas BoAA,

cB0604a NPUHATUA peLleHN
— (B TOM yncne o camux cebe! — Bbopuc LLlanupo)
o MWPOBOE coobulecTBo, «robannsauma»

* 3Tanbl 3BosoUMM 0bwecTBa No TypunHy

o KaKoOB OCHOBHOW MEXaHU3M NnPUHYXKAEHNA MHOAUBUOO0B

ANA UHTerpauum B obLLecTBo?
— ¢du3nyeckoe npuHyxKaeHue: pabosnadeHue
— 3KOHOMMYECKOE MPUHYKAEHWNE: Kanumasau3m
— WAOE0N0rNYEeCcKoe NMPUHYXKOEHNE: COUUANU3IM
o TOTA/NNTapU3M — «Hey[a4Has NombITKa»
NAE0N0TMYECKOM NHTErpaLLnm
* McTopnyeckuin naeannsm TypumHa vs. ICTOPUYECKUN
maTtepuannsm Mapkca
o YTO YNpaB/AeT UCTopuen? — ngem nam sSkoHOMMKa?

o «[lpobnema BbICWINX LEHHOCTEN — 3TO LEHTPa/ibHasA
npobnema HbiHewHero obwecTea» — u3
«KnbepHeTnueckoro maHmdecrta»

* beccmepTtme
o MeTadumsmyeckoe beccmepTue: 3arpobHasn Kn3Hb

o TBOpPYECKOE 6ecc:v\emee: BK/1a4 B 3BO/TOLUUNIO
yesnoeeyectBa

o KubepHeTMyeckoe beccmepTue: CMeHa «matepuana»

o YeNnoBeYeCKUe CBepXCyllecTBa: pusnyeckasn

B MHTEerpauma HAMBMAYA/IbHbIX HEPBHbIX CUCTEM C
co3a4aHMeM NOTEHUMANbHO 6eCcCMepPTHbIX
Ye/I0BEYECKMX CBEepPXCYyLEecTB (MH. 4.!)

o) ,£l,06pOBOI'IbHOCTb UHTErpaunm B CBepXcywecrtBa 7/21
<




2. Social part: «The Inertia of Fear...» CoumanbHan yactb: «MHepuua cTpaxa...»

Ob6wectBO JInuHoCTb
* ObuwecTsd
HaZ MblLLJ
o couual N3 «KnubepHetnueckoro maHndecrar»: KU3HU
L MOsKe' CMepPTHOCTb MHOTOK/IETOYHbIX OPraHM3MOB 3BOJIIOLUMOHHO Heobxoamnma. B apy pasyma,
J— Koraa BeayLw,en BeTBbO 3BOIOLMNM ABIAETCA 3BONIOLMA YeoBeYecKoro obuecTtsa,
. «npaBl MCTOYHMKOM 3BOJTIOLIMM CTaHOBUTCA YenoBeyecknin Mo3r. OH He 06BbEKT, a CyObeKT Wbicna
ucnon 3KCNEPUMEHTUPOBAHMSA, €0 NOTEPS NPU YMUPAHUU €CTb IBONOLIMOHHAA HENIenoCTb.
— 0o¢ JInuHOCTb A0/KHa bbITb HeccmepTHOM, Kak beccmepTHbI FreHbl. beccmepTmne YenoBevyecKowm rpaNbHas
cs JIMMHOCTM CTOUT Ha NoBecTKe AHA Kocmmnyeckom IBOAOLMUMN.
- (8
6 MUPOhoc—cooe I E——

* beccmepTtme

* JTanbl 3B0/OLMM 06LWEecTBa MO TypUNHY
o MeTadumsmyeckoe beccmepTue: 3arpobHasn Kn3Hb

o KaKoOB OCHOBHOW MEXaHU3M NnPUHYXKAEHNA MHOAUBUOO0B

ANA MHTErpaumm B 06Lwectso? o TBOpYecKoe BeccmepTue: BKNaS, B 3BOJIOLMIO
— ($u3nyecKoe NpunyxaeHue: pabosnadeHue yesioBe4yecTsa
— 3KOHOMMUYeCKOoe NpUHYXAeHWEe: Kanumasnu3m o KnbepHeTnyeckoe beccmepTtme: cMeHa «maTepmana»
— VAeoNorvHeckoe npuHykAeHWe: coyuanusm T o YenoBeyecKue ceepxcyllectsa: pusnyeckas
o TOTaUTapusm — «HeEyJla4HaA NomnbiTKa» LAY MHTerpauma MHAMBMNAYA/IbHbIX HEPBHbIX CUCTEM C
WACONOTNHECKON NHTETPaLIMNA cO3JaHMeM NoTeHLUMaNbHO 6eCcCMepTHbIX
* Vctopuyeckuii naeanvsm TypumHa vs. MCTOPUYECKUIA YesI0BeYECKUX CBepPXCyLecTs (MH. u.!)
MaTepuannsm Mapk e
drepranmnsm Viapkca 5 o [06POBONLHOCTb MHTErPaLMK B CBEPXCYLLLECTBA
o YTO yNpaB/AeT UCTopmen? — naemn nam SKOHOMMKa? | 8/21




3. Scientific part: Cybernetic Foundation
of Mathematics

Sources

1. Full text: a draft of a book (more motivations)

o The Cybernetic Foundation of Mathematics.
Technical report, The City College of the City
University of New York (1983)

2. Abridged two-part: a draft of a paper (most readable)

o The Cybernetic Foundation of Mathematics.
I. The Concept of Truth (1983)

o The Cybernetic Foundation of Mathematics.
Il. Interpretation of Set Theory (1983)

3. Published paper: a more abridged (less readable)

o A constructive interpretation of the full set theory.
The Journal of Symbolic Logic 52(1), 172—-201 (1987)

The PDF and DJVU files of [1,2] can be downloaded from
o https://pat.keldysh.ru/~roman/doc/Turchin/

Vladimir Balter (mathematician from Ufa) has translated
into Russian and prepared Word files of English texts

HayuyHas yactb: KubepHetnueckume ocHoBaHuA
MaTeMaTUKu

UCTOYHUKN

1. TonHbIM TEKCT: PYKONUCb KHUMK (6oNblLe MOTUBUPOBOK)

o KnbepHeTnuyeckne oCHoBaHMA MaTEMATUKM.
TexHuuecknm otyet, lopoackon kKonneax fopoackoro
yHuBepcuteTa Hbto-Mopka (1983)

2. CoKpalleHHan B ABYX YacCTAX: YepPHOBMUK CTaTbu
npeanonaranocb onybankosaTb (Hanbonee yntabenbHas)

o KubepHeTnuyeckme ocCHoBaHMA MaTeEMATUKMN.
I. MoHATMe ucTUHbI (1983)

o KnbepHeTnueckmne oCHoBaHMA MaTeMaTUKMN.
Il. UHTepnpeTauua Teopuu mHoxKectB (1983)
3. CrtaTbfa: cMNbHO cXaTas (meHee yntabenbHas)

o KOHCTpYyKTMBHAA MHTepnpeTaumusa NnosHONU Teopum
MHOXecTBa. J. of Symbolic Logic 52(1), 172-201 (1987)

PDF n DJVU ¢annbl [1,2] (cKaHbl Ha aHIMMCKOM) AOCTYMHbI
o https://pat.keldysh.ru/~roman/doc/Turchin/

Bhaaummnp bantep (Matematuk us Yobl) nepesen Ha pyccKui
n nogrotosmn Word-dannbl aHIMMUCKOro TEKCTa 9/21


https://pat.keldysh.ru/~roman/doc/Turchin/
https://pat.keldysh.ru/~roman/doc/Turchin/

The foundational crisis in mathematics Kpusuc ocHoBaHMi1 maTteMaTUKMU

* We get used to Set Theory as Foundation of Mathematics * Mbl NPMBBIKIN K TEOPUN MHOXKECTB KAaK OCHOBAHUAMM MAT-KU
o Thanks to studying math. analysis in universities o bnarogapa obyyeHunto maT-aHann3y B YHUBEPCUTETAX
o Believe to metamathematicians that it is well grounded o Bepum metamatematnkam, 4to TM xopolio obocHOBaHa
o Denotational semantics is the most used method for o JleHOoTauMOHHAA ceMaHTUKa — Hanbonee NCNONb3yEMbI
describing programming languages MeTOo/, NPU ONUCAaHUM A3bIKOB NPOrPaMMUPOBaHKA
* At the beginning of the XX century paradoxes shook the * B Hayane XX BeKa NnapaAoKcbl COTPACAN (HAUBHYIO) TEOpUIO
(naive) set theory and logic (notice reflection) MHOXEeCTB U NOruKy (06paTUm BHUMaHUE Ha pedeKcuio)
o Logical: Liar’s paradox o Jlormyecknn: napagokc nxkeua
“This statement is false” «ITO yTBEPXKAEHUE JIOXKHO»
o Set-theoretical: Russell's paradox (1901) o TeopeTUKo-MHOKeCTBEHHbIN: Napaaokc Paccena (1901)
LetR={x|xé&x}thenRER & R&R [Iyctre R={x|x&x},TormraRER © R&R
* Mainstream solution to problems concerning paradoxes * OcHOBHble Noaxoabl K peleHuto npobaem napagoKcos
o To restrict mathematical languages and notions o OrpaHM4YnTb MaTemaTU4ecKmne A3blKkKU U NOHATUA
— Russel’s theory of types (1902—-1908) — Teopwua Tnnos Paccena (1902-1908)
— Formal axiomatic approach (Hilbert et al.) — dopmanbHo-akcmomaTuyeckumin noaxop, (Hilbert n gap.)
o A minimal set of axioms sufficient for everyday use o MWHMMaNbHaaA cMcTema akCMOM, AOCTAaTOYHAA OJ18 KU3HU
— Classic logic — Knaccuueckasa noruka
— Zermelo—Fraenkel axiomatic set theory — AKcMomaTtuyeckas Teopusa MmH-B Llepmeno —PpeHkensa
— Treatise by Nicolas Bourbaki (1935-1968) — TpakTaT Hukona bypbaku (1935-1968)
o Mathematical potentialism o MaTtemaTnyeckmm noTeHUManm3m

— The world of sets is gradually growing — Mwup mHoKecTB nocTeneHHo pacteT 10/21



What are we not satisfied with? Yem mbl He ya0oBNETBOpPEHDbI?

* Among the various criticisms of modern mathematics, note * Cpeay MHOTMMX KPUTUK COBPEMEHHOM MaTEMATUKU OTMETUM
o absence of mathematical objects o OTCYTCTBME MAaTEMATUYECKUX OOBHEKTOB
o we deal with only symbols of variables and constants o paboTaem TONbKO C CMMBOIAMM NEPEMEHHbIX U KOHCTAHT
* Mathematic theories with explicit objects * MaTtemaTuyeckme Teopumn C ABHbIMU 0O BEKTaMMU
o intuitionism, constructivism: Luitzen E.J. Brouwer o MHTYMUMOHU3M, KOHCTPYKTMBU3M: JIENT3eH I.A. bpayap
o constructive mathematics: Andrey Markov o KOHCTPYKTMBHAaA peKypCcuBHasa maT-Ka: AHApen MapKos
o constructive analysis: Errett Bishop o KOHCTPYKTMBHbIN aHanu3: EppetT buwon
o mathematical objects are equated with algorithms o MaTemaTnyeckme o6 beKTbl — 3TO a/IFOPUTMbI
* Samples * [pumepbl
o areal number is an algorithm producing digits in a o AeUCTBUTENbHOE YMUCNO — 3TO aJIrOPUTM, MOPOKAAOLLUN
positional number system UMbpPbl B NO3ULMOHHOMN CUCTEME CYUCIEHUS
o a function of real numbers is an algorithm consuming o OYHKUMA Ha AEeNCTBUTENbHbIX YNCAAX — 3TO a/ITOPUTM,
digits of arguments and producing digits of the result nocaeaoBaTebHO NPUHUMAKOLWMNA ULMPPbI apryMmeHTa U
o asetis an algorithm producing (representations of) its BblAAOLMIA UMPbI pe3ynbTaTa
elements one by one potentially indefinitely o MHOEeCTBO — 3TO a/IMMPUTM, NOCNeA0BaTeNIbHO

. _ NOPOXAAOWMNA NPeaCcTaBNEHNA 3/IEMEHTOB
* The problem: such mathematics is very restrictive POMAIIOW, PEA

o due to algorithmic insolvability of the halting problem * lpobnema: Takaa MaTeMaTVKa BeCbMa OrpaHuyeHa
(notice reflection) o W3-33 aNTOPUTMUYECKOM HEpPa3pPeLIMMOCTU Npobiembl
o mathematicians invent and like many math objects that ocTaHoBa (0TMeTUM pedriekcuio)
are unrepresentable as algorithms o MaTeMaTUKKN U30bpeTatoT n NtobaT matemaTmyeckue

0bbeKTbl, HenpeacTaBMMmble B BUAE aArOPUTMOB
11/21



The main idea of CFM

Turchin agrees with the initial idea of constructive analysis
o algorithms, programs, processes are the material to
represent mathematical objects
He extended the notion of an algorithm so that
o all mathematical objects can be represented as processes

He introduced into mathematics
— model of a mathematician =
— ideal user of mathematical machinery =
— observer and active agent (like in modern physics)

Terminology
o mechanical process = algorithm
o metamechanical process = algorithm + access to
the ideal user knowledge
What is the main problem he have solved?

o Real mathematicians and the “ideal user” in CFM
behave indeterministically (a model of “free will”)

o While determinism is an inherent feature of math

o How to produce deterministic mathematical results
when a “mathematician” is “inside”?

o How to interpret the deterministic mathematics
using possibly indeterministic processes, and
Zermelo—Fraenkel set theory in particular?

OcHoBHasa ngea KOM

Typ4YnH cornaceH ¢ UCXOAHOM Naeen KOHCTPYKTUBHOIO aHan3a
o aJIfOPUTMbI, NPOrPamMmbl, NPOLLECChI ABNAOTCSA
MaTepmnanom NpeacTaBaeHnA mMaTeMaTMYeCcKUX 06 beKToB
OH pacwMpua NoHATUE aNrOPUTMa TaKUM 06pa3om, YTo
o BCE MaTemaTuyeckme 06beKTbl NpeacTaBMMbl NpoLeccamm

OH BBe/1 B MaTeMaTUKy
o MOAEeNb MaTeMaTuKa =
o WAeaNbHOro Nosib3oBaTesia MaTeMaTUYECKOro annapara =
o Habnwaatena n akTMBHOro areHTa (cp. ¢ pusnKoi)

TepmnHonorua
o MEXaHUYeCKMN NPOLLECC = a/ITOPUTM
o MeTamMexaHWYeCcKUM Npouecc = aaropmuTm + 40CTyn K
3HAaHMAM NnaeanbHOro Noab3oBaTenAa
Kakyto rnaBHyto npobnemy oH pewwmnn?

o MunBble maTeMaTUKU N naeanbHbln nonb3osatens 8 KOM
BeAyT ceba HegeTepMUHUPOBAHHO (cp. cBO6OAHAs BOAA)

o HO AETEPMUHUIM — HEOTbEMZIEMAA HEPTA MATEMATUKN

o Kak nony4ynTb AeTepMUHUPOBAHHbIE MaTeMaTUUYECKne
pe3ynbTaTbl, KOr4a « MaTEMATUK» €CTb KBHYTPU TEOPUNY?

o Kak nHTepnpetnpoBaTbh AETEPMUHUPOBAHHYIO MaTEMATUKY
NOTeHUMaNbHO HeaeTePMUHNPOBAHHbLIMU NpoLEeccamMu, U
Teopuo MHOXecTB Llepmeno—PpeHKena B YaCTHOCTHE /



Are there origins of “observer” Mpoasnsaerca am npea «Habnrogarena»
in common mathematics? B 06bIYMHO MmaTemaTUKe

* Incompleteness theorems * TeopeMmbl O HENONHOTE

o an “observer” inside a theory can’t notice the
incompleteness of “his world”

o an “external observer” proves incompleteness

o «Habnoaatenb» BHYTPM TEOPUN HE MOXKET 3aMETUTb
HEMNOJIHOTY «CBOEro Mmpa»

o «BHeLlHWI HabaogaTenb» AOKa3blBaeT HEMNOAHOTY

* Consider the Law of the Excluded Middle: A or not A

* PaccmoTpum 3aKOH UCKAOYEHHOro TpeTbero: A nam He A
o classic mathematicians accept it as an axiom

o KNnaccuuyeckne maTeMaTUKM MPUHMUMALIOT ero Kak
o intuitionistic logicians does not accept it aKcMomy

o JIOTMKN-MHTYUUUNOHUCTbI €ro He NPpNHMMaroT

* Who are right? — Nobody. These are different observers:

o an observer “inside” a classic theory can’t notice
when A or not A does not hold

o anh “external observer” can see when it does not
hold (=incompleteness)

* Krto npas? — HUKTO. 9TO pasHbie HabnogaTenu:

o Habnaatenb «BHYTPU» KNACCUYECKOM TEOPUM HE
MOXEeT 3aMeTUTb, KOraa He BbINOAHAETCA A nam He A

o “BHelIHUN HabnogaTens” MoXeT yBUAETb, KOrga 3TO
He BblNonHsAeTca (=HenonHoTa).

13/21



CFM Machinery

Take a functional programing language (e.g. Refal)

All processes and the ideal user “lives” in the single
universal time (cf. oracles, which “live” in different “times”)
Two kinds of processes

o asearchis run to know whether it terminates

o ageneratoris a process that gradually produce a

sequence of terms [P, P,, ...] (Haskell notation for a list)

Elementary statements — predictions that can be
confirmed or falsified (one side only! — cf. semipredicates)

o Pl — aprocess P terminates at some moment

o P? — aprocess P never terminates
We (at the metalevel) prescribe truth values T and F to
predictions and to generators of predictions (all are true)
User knowledge: two generators

o I (gnosis) — statements known or predicted to be true

o /N — terms representing all already constructed sets

o cognitive functions y(P) and y(P) search I" to infer that
P is implied by I or contradicts I

o Terms are putin I and A by some consistency rules

Yctpouctso KOM

Bo3bmem PpyHKLMOHA/IbHbBIN A3bIK NPOrPaMmMmnpPOBaHNA
(Hanpumep, Pedan, KaK aTo genaeT TypumH)

Bce npouecchbl U naeanbHbI N0Nb30BaTENb «XKUBYTY B
eANHOM YHMBEPCANbHOM BPeMeHMU (cp. ¢ opakynamm)
[1Ba TMna npoueccos

o TMOWCK BbINOJIHAETCA, YTOObI Y3HATb, 3aBEPLUAETCA 1M OH

o TeHepaTop - 3TO NPOLLECC, KOTOPbIM NOCTENEHHO

reHepupyeT nocnefoBaTeNbHOCTb TepMOB [Py, P,, ...]

dnemeHTapHble YTBEPKAEHNA — NpPeacKasaHua, KoTopble
MOTYT ObITb NOATBEPKAEHbI UV ONPOBEPTHYTHI

o P! — npouecc P Koraa-1o 3aBepLinTca

o P? — npouecc P HUKOrga He 3aBepllaeTca
Mbl (Ha MeTaypoBHEe) NpMUNUCbIBaEM 3HAa4YEHUA UCTUHHOCTU T
n F npeackasaHMam U reHepaTopam npeackasaHui (sce T)
3HaHMA NoNb30BaTeNA: ABa reHepaTopa

o [ (gnosis) — yTBEpPXKAEHUA, KOTOPbIE, KaK U3BECTHO, UK
MO NPOrHo3am, ABNAAKTCA UCTUHHbIMMU

o /A — Tepmbl, NpeacTaBAAOLME YXKe NOCTPOEHHbIE MH-BA

o KOrHutusHble dyHKumK Y (P) ny(P) paenatot nonck 8 I,
BblIACHASA, BbIBOAUTCA 1 P u3 I uan npotusopeunt I

o Tepmbl nomelatorca 8 I' v A no HEKOTOPbLIM Mpasuiam
COr1acoBaHHOCTH 14/21



The notion of the ideal user NMoHATME naeanbHOro Nosib3osartens

We distinguish between

* Mbl pa3nnyaem

o a real user: a trajectory with backtracking on o PeanbHOro Nosb30BaTeNs: TPAEKTOPUIO C BO3BpaTaMM
“errors” — contradictions: P! and P? npu «ownbKax» — npotmBopeuunax: Pl and P?
o anideal user: a trajectory without backtracking o WAEasIbHOro No/ib30BaTeNA: TPAEKTOpUIo 6e3 BO3BPaToB

Naive questions
o Does an ideal user exist?

o Do many ideal users exist or only one?

o HaunBHble BOnpoChbl
— CywecTByeT I naeanbHbIM NONb30BaATENb?

— CyLLecTByeT M MHOTO UAeabHbIX MONb30BaTENEN
WX TONIbKO OAUH?

Turchin’s interpretation of classic mathematics (namely 5
ZF set theory) relies on the existence of an ideal user * 3Ta MHTepnpeTauua Knaccuyeckon matemaTuku (Teopum

Naive questions

o If the ideal user does not exist, does it mean ZF is

contradictory?

o If the ZF theory is contradictory, does it mean the

ideal user does not exist?

MHOecTB ZF) onnpaeTcs Ha CyLL,ecTBOBaHME MAEa/IbHOIO
Nno/ib30BaTeNs

* HausHble BONpoOChI

o ECcnu ngeanbHOro nonb3oBaTesia He CyLLecTByer,
O3Ha4aeT M 310, YTo ZF npoTnBopeumnsa?

eITor

o Ecnn Teopua ZF npoTnBopeumBa, 03HAYaET /1M 3TO, YTO
NAeanbHOro NOAb30BaATENA HE CYLLEeCcTBYEeT?

error €rror

~——
error THE IDEAL USER

FIGURE 1. The path of knowledge 15 / 21



CFM formalization of logics dopmanusauma NOHATUI normkmn 8 KOM

* and (A, B) = [A, B] —a generator producing a sequence * and (A, B) = [A, B] — reHepaTop, NOPOKAAHOLLUIA
of two predictions nocneaoBaTeNIbHOCTb U3 ABYX NpeAcKa3aHui

* or (A, B) —a search that terminates when either A or B is * or (A, B) — nouck, 3aBeplwatowmiics, korga A unm B
found in the knowledge I HanAeHo B 3HaHMAX [’

* not (A) — a search that terminates when the opposite to * not (A) — noucka, 3aBepLUaAOLLUNIACA, KOTFAa
A is found in the knowledge I NPOTUBOMNO/IOXHOE K A HangeHo B 3HaHuaAxX [’

Let X be a generator producing [xy, X,, X, ...] MyTb X — reHepaTop, Nnopoxaatowmm [x;, X,, Xs, ...]

* for each xin X : P(x) — a generator of predictions * for each xin X : P(x) — reHepaTop npeacKkasaHui,
producing [P(x,), P(x,), ...] nopoxaatowmm [P(x,), P(x,), ...]

* there exists x in X : P(x) —a search for P(x;) in the * there exists x in X : P(x) — nouck P(x;) B 3HaHuax I’

knowledge I'

16/21



Interpretability

* The language of CFM allows us to define a process, for
which it can’t be deterministically concluded whether it
terminates or not

o which of P! or P? is true to put into the knowledge
o both can be confirmed, or both can be falsified

* E.g., processes with the following semantics
o Paradox of knight
— knight() = if “l terminate” then stop else knight()

— process knight() may be considered either
terminating or not

o Paradox of liar
— liar() = if “I do not terminate” then stop else liar()
— process liar() can be considered neither
terminating nor indefinite

* For interpretation of deterministic mathematics,
we need to define only such processes that definitely
terminate or not (despite the user behavior) and we can
prescribe truth values T n F to predictions about them

o Such processes are referred to as interpretable

UHTepnpeTUpyemoctb

* A3biK KOM no3BonAeT onpeaenAaTb Npoueccsl, Npo KoTopble

HEBO3MOXKHO OAHO3HA4YHO BbIACHUTbL, 3aBepLWwatoTCA /I OHU

Kakon u3 P! n P? BepeH, 4tobbl 406aBUTb €ro B 3HaHUA
o 0b6a byayT noaTBEpPKAEHbI AN 063 ONPOBEPrHYTHI

Hanpumep, npouecchbl co cneayouien CeMaHTUKOM
o [lapagoKc pblyapAa
— knight() = if «a 3aBepwycb» then stop else knight()

— npouecc knight() Mo»KHO cunTaTb 3aBEpPLUAOLLMMCA
NN He3aBepLUaoLWMMCS

o [lapagoKc mKeua
— liar() = if «a He 3aBepLliycb» then stop else liar()

— npouecc liar() Henb3Aa cunTaTh HM 3aBEePLUALOLMMCA,
HM He 3aBepLUatoLLLUMCS

* [1na MHTepnpeTaunu AeTepMUHUPOBAHHOM MaTEMATUKN

Mbl OO/ HbI ONpPeaenATb TO/IbKO Takne npoLuecchl,
KOTOpPblE€ 3aB€4O0OMO 3aBepLLUaOTCA UTUN HET (He3aBI/|Cl/|N\O
OoT noBeaeHunA I'IO!'Ib3OBaTE‘fIFI) N Mbl MOXKEM MPUTMTNCATb
npeackasaHAmM 0 HUX 3Ha4eHUA NCTUHHOCTU TuF

o TaKue npoueccbl Ha3biBakOTCA MHTEpHpGTMpVEMbIIX\%I/Zl



Objective interpretability

* The notion of interpretability is defined at the metalevel

o For us who prove that termination of each process
we define, does not depend on the user

— for all process definitions interpreting ZF axioms

o Inside processes there is no operation to check
interpretability

o Notice that such defined notion of interpretability is
extensional, and it is not clear how to use it

* Objective interpretability is defined intentionally —
inductively on the structure of the process trace

o A mechanical process (an ordinary algorithm) is
objectively interpretable

o A metamechanical process A calls cognitive
functions y(P) and y(P) that access the knowledge
[". If in each such call in the trace of A prediction P is
objectively interpretable, then process A itself is
objectively interpretable as well

* Some technical details are omitted. Hope this is
sufficient to catch the idea

O6beKTUBHAA UHTEPNPETUPYEMOCTb

* VIHTepnpeTnpyemocTb onpeaenserca Ha MeTaypoBHe

o [NA Hac, KOTopble AOKa3bIBAOT MNPO KaXKAbli
onpeaenaemblii NPOLLECC, YTO ero 3aBepLIaeMOCTb He
3aBMCUT OT NONb30BaTeNA

— ANA NPOLLEeCccoB, UHTEPNpPEeTUPYIOLWMX akcuombl ZF

o BHYTpM npoueccos, HET onepauun NPOBEPKU
NHTEPNPETUPYEMOCTU

o TaKoe NOoHATUE UHTEPNPETUPYEMOCTHU ABASETCS
9KCTEHCMOHA/IbHbIM, U HEACHO, KaK ero Mcnosb3oBaTb

* Ob6bEeKTMBHAsA MHTEPNPETUPYEMOCTb onpeaenseTcs
MHTEHCUOHANbHO — WHAYKTUBHO NO Tpaccam NpoL,eccos

o MexaHunyeckuin npouecc (06bIYHbIA aNTOPUTM)
06BEKTUBHO MHTEPNPETUPYEM

o MeTtamexaHnyeckmit npouecc A Bbi3blBaeT
KOrHUTUBHbIE PyHKUMKM ¥ (P) ny(P), KoTopble
obpawatotca K 3HaHuAM . Ecnm B Kaxkgom Takom
Bbl30Be B Tpacce npouecca A npeackasaHue P
0H6BbEKTUBHO MHTEPNPETMPYEMO, TO Cam npouecc A
TaKKe 0ObEKTUBHO MHTEPNPETUPYEMbIN

* HeKoTopble TexHMYeckue getanum onyLeHbl
P o yul 18/21



Interpretation of
Zermelo—Fraenkel Set Theory

The main V. Turchin’s goal is to demonstrate a new
method of mathematical thinking in constructive style

o Its goal is not to replace the current mathematical
foundation without change of the building

o Rather, to allow us to see and construct new kinds
formal linguistic models
The first step is to demonstrate that the method is
complete enough, and this done by him
o C€an serve as a foundation of the existing
mathematics
The essence of the ZF set theory interpretation in CFM

o Almost all ZF axioms has the following form: “there
exist a set such that ...”

o A setis a generator of its elements
o For each ZF axiom the respective generator is given
o For each one its objective interpretability is proved

o V.F. Turchin did not give a full proof of objective
interpretability for the axiom of replacement

— only when the function is explicitly given
— an open problem

UHTepnpeTaumna Teopun MHOXKeCTB
Llepmeno—-®dpeHKens

OcHoBHasA uenb B. TypunHa — NpoaAEeMOHCTPMPOBaATL
HOBbI MeTo4, MaTEMATUYECKOTO MbILL/IEHUS B
KOHCTPYKTUBHOM CTU/E

o Lenb He B TOM, 4TOObl 3aMEHUTb HbIHELWHWUI
MaTeEMaTUYECKNI GyHAAMEHT 6e3 U3MEeHeHMA 34aHUA

o A B TOM, YTOBbI CTPOUTL HOBbIE KNaccbl pOPMabHbIX
A3bIKOBbIX MOAENEN
[MepBbiM LWArom ABAAETCA AEMOHCTPALMA TOFO, YTO METOA,
ABNAETCA AOCTAaTOYHO MOJHbIMU, U 3TO UM CAENAHO
o MOXET C/IYXXUTb OCHOBOW CYLLECTBYHOLLEN MAaTEMATUKMU

* CyTb MHTepnpeTauuun Teopun mHoxects ZF 8 KOM

o Moutn BCe akcnombl ZF nmetot cneayowmm sBma,;
«CyLiecTByeT MHOXeCTBO, TaKoe, YTO...»

o MHOecTBO — 3TO reHepaTop CBOMX 3/IEMEHTOB

o [nA Kaxkaon akcuombl ZF 3agaem COOTBETCTBYOLLMIMA
reHepaTop

o [NA KaxKaoro ns HUX l0Ka3biBaemM ero 06 beKTUBHYIO
NHTEPNPETUPYEMOCTb

o B.®. TypunH He AOKa3an NosHOCTbIO
MHTEPNPETUPYEMOCTb aKCMOMbI 3aMeHbl

— TOJIbKO B c/y4yae, Koraa GyHKUMA ABHO 3a4aHa
— 3TO OTKpbITaa Npobsiema 19/21



Open problems and future work

Complete the interpretation of ZF set theory

o Prove objective interpretability of the generator for
the axiom of replacement

o Hint: current notion of objective interpretability may
not work for it
Formalize the Turchin’s style of proving objective
interpretability (in any formalism)
o automate proving objective interpretability in a
proof assistant

Give analogies interpretations to some other
mathematical theories

Apply (and further develop) metacomputation methods
for analysis of metamechanical process definitions

o this should be needed in the above proof assistant
Use the methods of derivation of truths (predictions)
about processes in metacomputation methods

o cross-fertilization of CFM and metacomputation

Publish CFM in English and in Russian (with comments)
o Thanks to Vladimir Balter

Mpobanembl n Tembl Ha byayuiee

3aBepWwmnTb MHTEPNPETALMIO TEOPUN MHOXKeECTB ZF

o [0Ka3aTb OObEKTUBHYIO MHTEPNPETUPYEMOCTb
reHepaTtopa A/19 akCMOMbl 3aMEeHb!

o BO3MOKHO: HbIHELIHEee NOHATUE 0O BEKTUBHOM
MHTEPNPETUPYEMOCTM MOXKET HE rognUTbCa AN1A Hee
dopmannsoBaTb CTUb A0OKA3aTE/IbCTB 0O BEKTUBHOM
nHTepnpeTupyemoctm TypumHa (B 1tobom popmanmsme)
o ABTOMATU3MPOBATb A0Ka3aTeNbCTBO OOBHEKTUBHOM
nHTepnpeTnpyemocTtm B proof assistant

,ﬂ,aTb dHa/NIOTNMYHYIO MHTEPNPETAUUNO HEKOTOPbIM APYITMM
MaTEMATUYECKNM TEOPUAM

MpumeHATb (M pa3BMBaTb) METOAbI METABbLIYUCAEHUN ANA
aHa/Nn3a onpeaeneHnn meTamexaHM4YecKmx nNpPoL.eccoB

o noTpebyeTtca B ynomsiHyTomproof assistant
Ncnonb3oBaTb meToabl BbiBOAA MCTUHHOCTU
npeackasaHn B KOM B meTogax meTaBblYMCAEHUM

o ANA B3ammHoro oboraweHmna KOM n metaBbluMCcneHUN

Ony6nnkosatb KOM Ha aHIMMCKOM U PYCCKOM fA3blKax
o C6narogapHocTbio Bnagnmmpy bantepy 20/21



Two ways of using mathematics [Ba cnocob6a ncnonb3oBaHUA MmaTeMaTUKKU

in computer science B UHPOpMaATUKe
Source: mathemalical mebasystem |
Refal: a Language for Linguistic Cybernetics l |
Technical Report cybormctie system
The City College, City University of New York
1986 (a)
. 10
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