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Definite Iteration 

1. Definite iteration over unchangeable 
data structures without loop exits. 

2. Definite iteration over unchangeable 
data structures with a loop exit. 

3. Definite iteration over changeable 
data structures with a loop exit. 

4. Definite iteration over hierarchical 
data structures with a loop exit. 
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Definite Iteration over Unchangeable Data Structures 

Let S be the structure: 
memb(S) is the multiset of elements of the 

structure S; 
|memb(S)| be the power of the multiset 

memb(S). 

1. empty(S) = true iff |memb(S)| = 0. 
2. choo(S) returns an element of memb(S) 

iff empty(S). 
3. rest(S) = S’, where S’ is a structure of the 

type of S and 
 membሺS’ሻ = memb(S) \ {choo(S)} 
 iff empty(S). 4 



Definite Iteration over Unchangeable Data Structures 

Let empty(S): 
vec(S) = [s1, s2, …, sn] 

 where memb(S) = {s1, s2, …, sn}, 
si = choo(resti-1(S)) 

 for i = 1, 2, …, n. 
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Definite Iteration over Unchangeable Data Structures 

for x in S do v := body(v; x) end 
 

S is a structure, 
x is the variable of the type 
 ǲan element of Sǳ, 
v is a vector of loop variables and 
 x ∉ v, 
body does not modify x and S. 
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The Replacement Operation 

rep(v, S, body) = vn, 
 where v0 = v if empty(S), 
 vi = body(vi-1, si) 

  for all i = 1, 2, …, n 

  if empty(S). 
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Inference Rule 
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{∃v′ Pሺv ← v′ሻ ר v = rep(v', S, body)} 

A; {Q} 

{P} for x in S do v := body(v,  x) end A; {Q} 



Definite Iteration over Unchangeable Arrays 

for (i = 0; i < n; i++) v := body(v, i, S) end 
 

S is a one-dimensional array, 
i, n are the variables of the integer type, 
v is a vector of loop variables and 
 i ∉ v, 
body does not modify i and S, can contain 

assignment, if and break statements. 
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Algorithm for rep Function Determination 

Let the body has the form: 
{x1 = expr1(x1, x2, …, xk); 

x2 = expr2(x1, x2, …, xk); … 

xk = exprk(x1, x2, …, xk);} 

 

v = (x1, x2, …, xk) 

rep(v, S, body, 0) = (x10
, x20

, …, xk0
) 
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Algorithm for rep Function Determination 

x1 = expr1(x1, x2, …, xk); 

x2 = expr2(expr1(x1, x2, …, xk), x2, …, xk); … 

 

xj ← repሺሺx1, x2, …, xk), S, body, i – 1) 
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Algorithm for rep Function Determination 

if (e(i, x1, x2, …, xk)) {A;} else {B;} 

 
A, B are compound statements 

 ∀x1∀x2…∀xk e(i, x1, x2, …, xkሻ ⇒ A* ∀x1∀x2…∀xk e(i, x1, x2, …, xkሻ ⇒ B* 
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Algorithm for rep Function Determination 

break  statement: 
1. Top level — rep is defined for i = 0, 1 

2. In the if statement: 
 ∃j Ͳ < j ≤ n ∀i j < i ≤ n 

rep((x1, x2, …, xk), S, body, i) = 

 rep((x1, x2, …, xk), S, body, j) 

 ∀x1∀x2…∀xk e(i, x1, x2, …, xkሻ ⇒ 

    (A* ר ሺ∀l i < l ⇒ A*ሻሻ 
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Example 

/* (length > 0) */ 

int search(int* arr, int length) 

{ 

    auto int result = -1; 

    for (i = 0; i < length; i++) 

     if (key == arr[i]) 

     { 

      result = i; 

      break; 

     }; 

    return result; 

/* Q */ 
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Example: Postcondition Q ≡ሺ∀i (0 ≤ i) ר (i < length) ⇒ 

   (key ≠ arr[i]) ר (result = -1)) ש ሺ∃r (0 ≤ r) ר (r < length) ⇒ 

   (∀i (-1 < i) ר ( i < r) ⇒ 

     (key ≠  arr[ i]) ר 

     (key = arr[r]) ר 

     (result = r))) 
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Example: Verification Condition ሺlength > Ͳሻ ר ሺresult = repሺresult, key, arr, lengthሻሻ ⇒ 

 ሺ∀i ሺͲ ≤ i) ר (i < length) ⇒ 

    (key ≠ arr[i]) ר (result = -1)) 

 ש 

 ሺ∃r ሺͲ ≤ rሻ ר (r < length) ⇒ 

    (∀i (-1 < i) ר ( i < r) ⇒ 

      (key ≠  arr[ i]) ר 

      (key = arr[r]) ר 

      (result = r))) 
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Example: Verification Condition 
(assert (not (forall ((result Int) (key Int) 

 (length Int) (arr (Array Int Int))) 

 (implies (and (> length 0) 

               (= result (rep result key arr length))) 

          (or (forall ((i Int)) 

               (implies (and (< -1 i) (< i length)) 

                     (and (not (= key (select arr i))) 

                     (= result -1)))) 

              (exists ((r Int)) 

               (implies (and (< -1 r) (< r length)) 

                   (forall ((i Int)) 

                    (implies (and (< -1 i) (< i r)) 

                    (and (not (= key (select arr i))) 

                              (= key (select arr r)) 

                              (= result r))))))))))) 
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Example: Axioms for rep Function 

(i < ͳሻ ⇒ ሺrepሺresult, key, arr, i) = –1) 

 

(0 < iሻ ר ሺarr[i – ͳ] = keyሻ⇒ 

   (rep(result, key, arr, i) = i – ͳሻ ר 

   ሺ∀j ሺi < jሻ ⇒ 

    rep(result, key, arr, j) = i – 1) 

 

(0 < iሻ ר ሺarr[i – ͳ] ≠ keyሻ⇒ 

 (rep(result, key, arr, i) = rep(result, key, arr, i – 1)) 
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Working with Induction in Z3 ∀n Pሺnሻ 

is rewriten to ∀n ሺ∀k k < n ⇒ Pሺkሻሻ 

 

Induction base: P(1) 

Induction step: P(iሻ ⇒ Pሺi + 1) 
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Example: Extra Axiom 

(len > Ͳሻ ר ሺlength > lenሻ ר ሺresult = repሺresult, key, arr, lenሻሻ ⇒ 

 ሺ∀i ሺͲ ≤ i) ר (i < len) ⇒ 

    (key ≠ arr[i]) ר (result = -1)) 

 ש 

 ሺ∃r ሺͲ ≤ rሻ ר (r < len) ⇒ 

    (∀i (Ͳ ≤ i) ר ( i < r) ⇒ 

      (key ≠  arr[ i]) ר 

      (key = arr[r]) ר 

      (result = r))) 
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Example: Extra Verification Condition 

(length = 1) ר ሺresult = repሺresult, key, arr, lengthሻሻ ⇒ 

 ሺ∀i ሺͲ ≤ i) ר (i < length) ⇒ 

    (key ≠ arr[i]) ר (result = -1)) 

 ש 

 ሺ∃r ሺͲ ≤ rሻ ר (r < length) ⇒ 

    (∀i (-1 < i) ר ( i < r) ⇒ 

      (key ≠  arr[ i]) ר 

      (key = arr[r]) ר 

      (result = r))) 
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Using PVS to Prove Inductive Verification Conditions 

search: THEORY 

BEGIN  rep(result:int, key:int, arr:ARRAY[nat->int], 

i:nat) : RECURSIVE int = 

     IF (i < 1) THEN result 

     ELSE (IF ((0 < i) AND (arr(i-1) = key)) THEN 

rep(i-1, key, arr, i-1) 

           ELSE rep(result, key, arr, i-1) ENDIF) 

ENDIF 

  MEASURE i 
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Using PVS to Prove Inductive Verification Conditions 

vc: LEMMA 

      FORALL (result:int, key:int, length:nat, 

arr:ARRAY[nat -> int]): 

             ((length > 0) AND (result = rep(-1, key, 

arr, length))) 

      IMPLIES 

      ((FORALL (i:int): ((0 <= i) AND (i < length) AND 

(not (key = arr(i)))) 

       IMPLIES 

       (result = -1)) 

      OR 

      (EXISTS (r:int): ((0 <= r) AND (r < length)) 

       IMPLIES 

       (FORALL (i:int): ((0 <= i) AND (i < r) AND (not 

(key = arr(i))) 

                         AND (key = arr(r)))) 

        IMPLIES (result = r))) 

END search 
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Conclusion 
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1. The work is in progress. 
2. Automatic verification of definite 

iteration over unchangeable arrays 
with a loop exit. 

3. Plans: definite iteration over 
changeable structures, 

 more complicated examples. 
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THANK YOU! 


