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Fixed point operators
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- partial fixed point (PFP).



Introduction

Extension

Aho A, Ullman J. The universality of data retrieval languages. // In
Proc. ACM Symp. on Principles of Programming Languages. — 1979.
ACM Press — P.110-120.



First order PFP-logic formula

A partial fixed point logic formula is defined like a first order logic
formula and with the partial fixed point operator PEP. Let ¢(X,y)
be a formula that contains a non-language predicate symbol Q.
Here, the length of ¥ must be equal to the arity of Q. Then,
PFPq) () is a formula of an original language, this formula also
contains two tuples of free variables X and y.



Value of PFP-operator for finite structures

Let 2 be a structure, and ¢(X, ) be a formula that contains a new
predicate symbol Q, where X and y are tuples of variables. Let us fix
values of the variables x as d € |2]. The value of the formula
PFPq) () is defined as it is described in the following. Let us
construct the sequence of sets

Ql =2 and Q% = {7 e 2| (2 Q) £ »(d,7)}

fori e w.



Definitions (finite structures)

Value of PFP-operator for finite structures
The value of partial fixed point is

Qd if Od Q4. . for some n,
PFPo)(¢) = 8

g it QF # Qn+1 for all n.
In first case we say that operator PFPq stabilizes in n steps. The
value Q7 is QJ. In this case PFPq()(d, ) is true for all y € Q¢
and false for all y ¢ Q4.

In second case we say that operator PFPqy) does not stabilize or
fail in loop. In this case the value of Qd IS & and formula is false for

all y.



IFP-operator

Value of IFP-operator
Let 2A be a structure, and ¢(X, ) be a formula with a new predicate

symbol Q, where y is a tuple of m elements. Let us fix the values of
the variables X as d € |A|. A partial fixed point operator
IFP o5 (¢)(d) is the set Q? constructed as follows. Let

=2 Q= uye|®@Q))E N}
forall i € w.

o = Jdf

IEw



Introduction

PostgreSQL

WITH RECURSIVE cte_name (columni1, column2, ...) AS(
SELECT select_list FROM tablel WHERE condition

UNION [ALL]

SELECT select_Llist FROM cte_name WHERE rec_condition
)

SELECT % FROM cte_name;
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PFP-operator semantic for infinite structures

- PFP"-operator
- PFP7-operator
- PFPY-quantifier



PFP"-operator

The value of the partial fixed point PFPY is the following set Q@. A
tuple y belongs to the set Q\Ej if and only if the formula Q;(y) is true
for almost every j. In the other words, there is some natural
number i such that the formula Q;(y) is true for all natural numbers
j > i. Therefore, for these ¥ the formula PFPg,(#)(d, 7) is true.

PFP>-operator

The value of the partial fixed point PFP? is the following set Qg. A
tuple y belongs to the set Q4 if and only if the tuple ¥ belongs to
sets QY infinitely often. That is, there are infinitely many i such that
the formula QY(¥) is true. Therefore, for these y the formula
PFPg(¢)(d,7) is true.



PFP"-operator

Let us consider the finite graph G = (V, E), where V is a set of
vertices of the graph G and E is a set of edges. We consider this
graph G as a structure, where V is the domain and E® is the unique
binary predicate symbol. The formula E(x, y) means that there is an
edge from the vertex x to the vertex y. Then, the formula
PFPX(X)(G)(V, w) is true if and only if the vertex w is reachable from
the vertex v, where

6(v,x) =x=vVv Q) V(3y)(Qly) AE(Y,X)).
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PFP-operator

The formula (3a)(3b) PFPg(U’X)(Q)(a, v,w) is true if and only if there
are paths of unbounded lengths from the vertex v to the vertex w,
where

O(u,a,b,v,x)=a#b A
(~(Gv)a(a, ) ~(3y)Q(b,y) = U= aAx=V) A
(3)Q(a,y) A (32)(3y)(Q(a,y) A E(y,2)) —
u=an( Ey(Q V) AEWY, X)) A
((F)Q(a,y) A=(32)(3y)(Q(a,y) AE(y,2)) = u = b) A
(=(3v)a(a,y) A (Fy)Q(b,y) = u = b).



Expressive power of PFP"- and PFP?-operators

Theorem

Let ¢ be an arbitrary formula. Then, the formula PFPg(y)(@)(y) is
equivalent to the formula

PFP3;(¢)(7) A —(3a)(3b) PFPR, 5 (6)(b, a, b, )

for all tuples y.

Formula 6(u, a, b,y) does not contain new PFP"-operators.

Formula 6

0(u,a,b,y)=a#b A
[u=an¢'(a,y)Vvu=bna-¢(a,y) AP,y



Expressive power of PFP"- and PFP?-operators

Formula ¢
We introduce a new predicate symbol P. The arity of the predicate P

isw+ 1, where w is the arity of the predicate Q.
— Q) /-
¢ (0.9) = (©)pen ).
Here in the formula ¢ we replace each occurrence Q(t) with P(a,t)

for all tuples t.

The first argument of the predicate P will be used as follows:
Pi(a,y) is equivalent to Q;(y), and Pj(b,y) means that the tuple y is
added in the previous step, but is missing in the current step.

Theorem proof. PFPY; (¢)(C) <

PFPG;(¢)(¥) A ~(3a)(3b) PFP3, 5(0)(b, a, b, ©).



Expressive power of PFP"- and PFP?-operators

Theorem

Let ¢ be an arbitrary formula. Then, the formula PFPQ ) (P)(¥) is
equivalent to the formula ﬁ(Ela)(Hb)PFPv 7 (0)(b,a,b y)

Formula 6(u, a, b,y) does not contain new PFPa—operators.

Formula @

0(u,a,b,y)=a#b A
[u=an¢(a,y)vVu=bna-¢(a,y).



Expressive power of PFP"- and PFP?-operators

Formula ¢’
¢'(0,9) = (©)pier )

The first argument of the predicate P is used as follows: Pi(a,y) is
equivalent to Q;(¥), and Pj(b, ) is constructed as a complement of
the predicate Q; at any step.

Theorem proof.

PFP(;(¢)(€) & —~(3a)(3b) PFPY, 5(6)(b, a, b, ).
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Expressive power of PFP"- and PFP?-operators

Corollary
PFP"-logic and PFP3-logic have the same expressive power.
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PFP?-quantifier

The formula ([PFPQ;,(¥)])(d,¥) is satisfied if and only if there is
a natural number j such that

Q= (el | Ak o(d7)}
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PFP2-quantifier

The formula [PFPS(X)(G)] (x = w) is true if and only if the vertex w is
the unique vertex located at some distance from the vertex v, where

0(v,x) = (=(I)AY) = x = v) A ((I)QWY) = (I)(QWY) A E(y,X)))-
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Expressive power of PFP"-operator and PFP2-quantifier

Theorem

Let o(X,y) and ¥(X, y) be arbitrary formulas, where the formula ¢
contains the predicate symbol Q, and a length of the tuple y is the
arity of Q. Then, the formula

[PFPS(y)(w)] ¥

is equivalent to the formula

(V}_/) ((EIO, b) PFPX(U,)‘/)(G)(Gv a, bv )_/) A (,0()_/))
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Expressive power of PFP"-operator and PFP2-quantifier

Formula ¢

The formula 6 defines the predicate P value as follows. Alternating
the first element a or b, tuples corresponding to the set Q are
added until we obtain the set given by the formula ¢. After such a
set has been obtained, at each step we save its tuples with the first
element a.

Theorem proof.

(PFPg()—/)(’l/J))QD = (V)_/)((H(L b) PFPZ(U-,V)(Q)(G’ a, b)_/) AN ‘10()7))
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Expressive power of PFP"-operator and PFP2-quantifier

Theorem

Let (X, ) be an arbitrary formula, where the formula ¢ contains
the predicate symbol Q, and a length of the tuple ¥ is the arity of Q.
Then, the formula

PEPq)()(7)

is equivalent to the formula
(30, b, C) [PFPg(u,?)(91)] (U = C)'

The formula 6,(u, a, b, ¢, y) does not contains new PFP"-operators.
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Expressive power of PFP"-operator and PFP2-quantifier

Formula 6,

We add to the set P tuples of the form (a,y) where y € Q;. First we
reach the step where the tuple y is added along with a, we mark
this by adding all possible tuples of the form (b,y). If at least in
one of the next steps the tuple y disappears, which is checked by
the internal PFP-operator, then we continue further construction.
Otherwise, we add all possible tuples of the form (c,y) to mark
finding a step, starting from which y will belong to all sets Q.

Theorem proof.

PFPY(9)(7) « (3a,b,)(PFPG, ,(61))(u = ).
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Expressive power of PFP"-operator and PFP2-quantifier

Corollary

PFP"-logic and PFP?-quantifier logic have the same expressive
power.
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PFP"-operator elimination

Theorem

If theory T is w-categorical then PFP-operator can be eliminated
in the theory T.

Proof. Let us denote all nonequivalent formulas by ;, and the
number of such formulas by m. We can eliminate the PFP-operator
as follows:

m m m—1

Voo V00050 & ()% @) A A (78) (3,8 © ()3, (@)

Jo=1 jm=1

(\/\/ (V) (4;,(T) + ;,(T A[/\w, ooy oyl )|

(=0 k>
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PFP-operator for finite structures

Theorem for first order

If the structure is finite and has a linear order relation, then for any
PFP-logic formula ¢ with first-order quantifiers we can construct
an equivalent formula of the form

(My+) PEPq,)(¥),

where M are first-order quantifiers, and % is a first-order logic
formula.

29



Theorem proof. If the formula ¢ does not contain any partial fixed
point operator, then a dummy PFP-operator can be added to it.

To prove this, we use induction on the construction of the formula .
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PFP-operator for finite structures

Theorem for second order

If the structure is finite and has a relation of linear order, then for
any formula of PFP-logic with first- and second-order quantifiers
one can construct an equivalent formula of the form

(My+) PEPq,)(¥),

where M is a first-order quantifier prefix, and ) is a first-order logic
formula.
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Theorem proof. We replace each subformula of the form (3Q)v with
(w)gFPQ(;)(xa)' and (¥Q)w with (w)gppa(i)(XV)' where (3Q) and (VQ) —
second order quantifiers. Let us define the formulas x3 and yyv:
xa= Y AQ(X)V
—tp A (3X) follow?(X) A follow?(x)V
% A =(F)~Q(Y) A QX),

v = A QX)V

P A (3X) follow?(X) A follow?(X)V
¥ A =(3Y)-QF) A Q(X).
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Expressive power of PFP- and IFP-operators

Preorder
A non-strict preorder is a binary relation on a set that is reflexive
and transitive.

Preorder leq

Let a structure have a strict partial order relation <, in which there
are arbitrarily long discrete chains. Then the preorder leq is discrete
and it contains an infinite discrete chain of consecutive elements.

leq(r_h, a, b, Fiz, €, d) = IFPL(,—M,V)(GL)(FH, a, b, ﬁz, (o d)
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Expressive power of PFP- and IFP-operators

Formula v

For an arbitrary operator PEPqy)(¢), we can construct the formula
W, which is an IFP-operator:

V = IFPp,u,,5)(0)-
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Expressive power of PFP- and IFP-operators

Theorem
The formula PFPqx)(¢)(2) is satisfied if and only if the formula F(2)
is satisfied, given as follows:

F(Z) = (3n1)(3a)(3b)(3n,)(3c)(3d) (
leq(n4,a, b, Ny, c,d) A =leq(ny, c,d, Ny, a,b)A
A(Ym)(Vs)(Vt)(leq(nq, a, b, m, s, t) A =leq(m,s,t,ny,a,b) —
— leq(ny, ¢, d, M, s, t))A
A(VY)(W(A1,a,b,Y) < (A2, c,d, 7)) AW(Aq,a,b,Z)).
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Expressive power of PFP- and IFP-operators

Theorem

The formula PFPZ(;)(@)(Z) is satisfied if and only if the formula
FY(Z) is satisfied, given as follows:

FY(2) = (301)(3a)(3b) (n(71, a, b)A
(V7o) (Ve)(vd)(leq(Fir, a, b, ia, ¢, d) — W(Fiz, ¢, d, 2))).

Auxiliary formula
The pair (a, b) belongs to some infinite discrete chain:

n(n1,a, b) = (Ym)(ve)(Vf)(leq(Mm, a,b,m,e,f) —
— (Ym")(3e)(3f )(leq(m, e, f,m’, €', f) A =leq(m’, €. f , M, e,f))).
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Expressive power of PFP- and IFP-operators

Theorem

The formula PFP?M)(@)(Z) Is satisfied if and only if the formula
F3(2) is satisfied, given as follows:

F(2)=FR@)VFE@),

where
F(2) = (371)(3a)(3b) (—a = b Aleq(y, a, a, Ay, a, b)A
A =(FK)W(Fr, a, b,X)) A (3r)(3a)(3b)W(Fr, a, b, 2),
F3(2) = (¥An)(va)(vb) (n(Ar, a, b) —
— (3n,)(3c)(3d)(leq(R1, a, b, fis, ¢, d) AV(Ry, c,d,2))).
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Expressive power of PFP- and IFP-operators

Consequence

The partial fixed point operators of the semantics PFP, PFP" and
PFP? can be modelled using the inflationary fixed point operator.
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Decidability of PFP"-operator

Theorem

We consider the structure (Z,s(). Here Z is the set of integers, and
s is the successor function. The halting problem for Minsky
machines with two counters is reducible to the truth problem in
the structure (Z,s") for a partial fixed point logic formulas.
Moreover, formulas contain a unique unary PFP-operator.

39



It is well known that we can assume the following.

1. the states are numbered from 0 to n, and the commands are
numbered from 0 to m — 1,

2. among the states there is only one final, and it has the number
n

’

3. the values of both counters are 0 when the Minsky machine 9
stops.

40



The configuration of the Minsky machine with two counters has the
form (gj, g, h), where g; € S is the state, g is the value of the first
counter, and h is the value of the second counter.

A unary relation E on the set of integers can be represented as a
sequence of 0 and 1. In this representation, 1 denotes that the
corresponding number belongs to the set E, and 0 denotes the
opposite. We encode the configuration (gj, g, h) of the Minsky
machine 9t by the unary relation as follows:

b d
..010...0710...01110...011110... Q11110 ...
S—— SN—— N—— N——
g+1 +1 n—i+1 h+41

| S —
n+5
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For each of the four types of Minsky machine commands, we
construct the corresponding formula.

For example, for the command g; — inc;, g; the formula construct as
follows

x=av
Xx=spvx=sH*pyvx=sH*py

x=seVx=s’eVx=s’eVx=s'evx=se).
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Let us construct the following formula for the logic of a partial fixed
point:

(32)(Yu) [PEP (6(2,X))(u) > 7(z,u)],
where

0(z,x) =[-Q(2) = a(z,X)] A

m—

[/\ Pl A
=0

[7%(2) = Q).
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Undecidability of the PFP"-operator

Comment

It is easy to see that the formula # under the partial fixed point
operator is equivalent to some universal formula since all existence
quantifiers are in premises of implications.

Corollary

The halting problem for a Minsky machine with two counters is
reducible to the truth problem for a PFP-logic formula in the
algebraic structure (Z,s(). Moreover, all PFP-operators are
non-nested, unary, and applied only to universal formulas.
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Undecidability of the PFP"-operator

Theorem

We consider the structure (Z,s"). Here Z is the set of integers, and
s( is the successor function that has the first element. The halting
problem for Minsky machines with two counters is reducible to the
truth problem in the structure (Z,s() for a partial fixed point logic
formulas. Moreover, formulas contain a unique unary PFP-operator.
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Undecidability of the PFP"-operator

Let us show how to construct the corresponding partial fixed point
formula:

(30) [~(3p)(sp = 0) A (32)(vu) [PFPY (8(0,2, X)) (u) ¢ 7z w)] ],
where
0(0,z,x) =[-Q(2) — a(z,X)] A
[ il A
(=0
[7%(2) = Q(X)] A
[Q(0) — sx = X].
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Possible questions

1. In some theorems, the constructed formulas use nested fixed
point operators. Is it possible to limit ourselves to a single
non-nested operator for infinite structures?

2. In many theorems, the constructed formulas use partial fixed
point operators whose arity is more than the original ones. It is
known that unary and binary inflationary fixed point operators
have different properties. Therefore, the question arises about
the possibility of constructing PFP-operators without increasing
the arity.

3. Determine which second order logic formulas can be converted
to partial fixed point formulas for infinite structures.
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