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Some History,

M.O:Rabin, D.Scott: Finite Automata and hiherr Decision
Problems (1959)

M.Bird. The equivalence problem for deterministic two-tape
automata (1971)
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Some History,

T Harju, J.Karnumaki. The equivalence problem of multitape
finite automata (1991)

A purely algebraic technigue

Per T. Harju
“the main argument of the proof uses an embedding

result for ordered groups mnto division rings’.



Partially Commutative Semigroups

Godlevskii, A.B., Letichevskii, A.A. and Shukuryan, S.K., Reducibility of program-scheme
functional equivalence on a nondegenerate basis of rank unity to the equivalence of automata
with multidimensional tapes (1980).

G Is a semigroup with a unit, generated by Y={y;, ..., Y.}

G Is called a free partially commutative semigroup, If It IS
described by a set of definitive assumptions of type V;y;=VY;V; -

A homomorphism K @ Fy, —> F.§ .5 isdefined

K (e) = (e,....e) Li=]

K(yi):(aliv"'lani) aU:<e’y|yJ:nyl
kO, Yi¥i 7YY




Partially Commutative Semigroups (Cont.)

The concatenation operation can be defined in one of
the two alternative ways:

1. Right concatenation: ACyy;) = (81817, -1 @p8p)
2. Left concatenation: K(yy,) = (8185, -+r 8,3,

The second way Is used In this work.

Concatenation for semigroup elements
a = Yi---Yix and b = y;,...y; 1s defined in the following
Wway:

K(ab) = K((ayj, ..

(a]j‘[



Partially Commutative Semigroups (Cont.)
Lemma 1.y;, y; — generators of G, y; # y; 9; = Yy,
g, = Y,y; —elements of G. 9, =9, < Kly;y;)=K{y;y;)

Lemma 2. < - 1s a linear (lexicographical)

order on Y . Any two different representations of
the same element of the semigroup G are
comparable in terms of the order <.

Lemma 3. Any free partially commutative
semigroup of n generators iIs isomorphic to some
sub-semigroup of Cartesian product of n free
semigroups with two generators.




Binary Coding

K(e) = (e, e), K(y)=(1, 0), K(y,)=(0, 1),
K(y1y;1)=(11, 00)=(3, 0),
K(y.y,)=(01, 10)=(1, 2),
K(y,y,1)=(10, 01)=(2, 1),
K(y,y,)=(00, 11)=(0, 3)

e

0.1) (1.0)

©. 13/ X.l 0) . y X‘l 0)

(00, 11) (10, 01) (01, 10) (11, 00)

(0. 7 XI,O) (0, 1)/ \(1,0) (0. 1% XI,O) (0, 1')/ \\('1,0)

(000, 111) (100, 011) (010, 101) (110.001) (001, 110) (101, 010) (011, 100) (111, 000)




Partially Commutative Semigroups (Cont.)

We can consider an n-element tuple of integers for the
given ¢, (binary coded canonical form). It will be denoted
Num(c,), where Num : C;—N" is a function, and will be
used instead of c,.

Lemma 4. From a known T=Num(c,) the
corresponding c,=Num~'(T) can uniquely be

constructed (the mapping Num between the binary
word tuples and the integer tuples is one-to-one).

Lemma 5. Any free partially commutative semigroup
of n generators Is Isomorphic to some sub-semigroup of
the n-dimensional space, where the semigroup
operation Is the left concatenation of integer tuples
defined above.




Mapping of: Non-Commutative Elements to N2
Y1

(000.111) 7

{001, 110)

1 1 ' ' 1
-k - ———————— B S B h o e ppp——— L O | - B -
[ 1 ' 1 1

1(010 101)

' ' 1 1
o o T~ e Pttt b e b S } e
' ' 1 1

1(011 100)

1 1
e e e ettt s - —-—-—-—
1

? 100, 011
(00, 11) 3 .( X

{(110. 001)

7 y2
(111. 000)
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Mapping of a Partially Commutative Semigroup. to
N°= (Cont.)

Y3 |




Multidimentional Tapes

Haik Grigorian, Samvel Shoukourian:
The equivalence problem of multidimensional multitape
automata. J. Comput. Syst. Sci. 74(7): 1131-1138 (2008)

- A notion of diagonal
- A combinatorial proof

- A polynomial algorithm for equivalence problem
of program schemata with non-degenerate
OpEerators


https://dblp.org/db/journals/jcss/jcss74.html#GrigorianS08

Coding oft Multidimentional Tapes




Coding of Multidimentional Tapes (Cont.)

s+1 s-k k+1

s+1 k+1



A New Combinatorial Proof: for
Equivalence Problem of Deterministic
Multitape Finite Auromata

Alexander A. Letichevsky, Arsen S. Shoukourian, Samvel K.
Shoukourian.:
The Equivalence Problem of Deterministic Multitape Finite
Automata: A New Proof of Solvability Using a
Multidimensional Tape. [ATA 2010: 392-402 (2010)

- A notion of essential dragonal
- [_eft concatenation

- A combinatorial algorithm for equivalence
problem of deterministic multitape finite automata


https://dblp.org/db/conf/lata/lata2010.html#LetichevskySS10

[Deterministic p-tape finite automaton

A=<Y, §, o, F, 55> - p-tape automaton In
alphabet Y,

Y = OY,,Y QY .

S — setofstates S = US,,S ﬂS =

|# |
o — transition functlon

F — set of final states
Sy— Initial state




Multidimensional Tape

N — positive |

nteger, N =70, 1, ...}, N"— tape

Gy
(2,0)
)

(0, 0)

(0,1) (0,2) (0,3)

(0, 0)- Initial cell

a, = (0,0), 3,= (0, 1)
n(a,, a,) = true

m,(a,, a,)=true

Cell a,=(ay,, ..., a4,) Is called a predecessor

of cell a,=(ayy, ..., app) If ap=ay; +(L+1),

0=y, 7], L = oyq +...+ ay,




Execution Tiraces
pn:N"— 2°— the set of all execution traces of

automaton A If and only If
1) oa(0, ..., 0) = {5o}

2) 0,(2) = (@A( pred)yj)

Lemma. If for a given automaton A and a given
cell a from N"\ {(0, ..., 0)} p.(2) Is defined then

there exists a unique cell a’ such that p,(a’) is
defined and z(a’, a) Is true.




Execution Tiraces

A part of a set of execution traces, where the
sum of coordinates for each cell <k -1 is called
a trace word of the length k.

A part of a trace word having the sum of
coordinates equal to k Is called a diagonal k.

Its length Is equal to k+1.

Diagonals of length one less than powers of two
are called essential.




Paths in Trace WWords

Pathp=a, ..a, fortrace word w Is a sequence

of cellsthatz(a ,a  )is true.

The path Is complete If

a_=(0,0)

(3, 0) 8 .

The path 1s accepted (AP)
(.0 if 0, (a, )contains final state
1,0) —— :
i ‘ Coordinates of the last cell
0, 0) - (3, 2) — canonical form

0,1) (0,2) (0,3)
(CF) of complete path



Characteristics of a Path

Charact_eristics)( = ypl,,,ypm_lfor path p = a,..a
Yo € Y ouefl, .., n}, jell, ..., m-1} &

P

coordinate 1 increases by 1 incell a_ In

pj+1
comparison with cell a,

X

p=(0,0)(01)(1,1)(L.2)
(2,2)(3,2) 3.0)
= YXYXX 7
(1, 0)

Ly

(©,0)

(0,1) (0,2) (0,3)



Sets ofi States on Essential' Diagonals



Tihe Idea: Distance Is Unchanged for Equivalent Automata

epeating sets of states
Repeating sets of states for automaton A,

for automaton A, /

C )
O
/
(0, 0, 0) - -~ ¥

21, where i is the step number when
states are repeating



Equivalence Problem of Multitape Automata

A, anc

m; anc

A, - deterministic multitape automata
®, - trace words of length k.

k=2x(25-1), 5 = [Sy| + S,
Lemma.

CFAPAl(a)l) = CFAPAZ(a)Z) < A~ A,

Theorem. The equivalence problem
of deterministic multitape automata Is
solvable.




Proof

pp=a,.a.an>&...a’...a
a'’ a, €0Aj(a): On
p=a.a,
a a' D''=4a..a"
=2, ..4

A, Prew = P'''P=a,..8, ..2"




Algorithm for Merging Equivalent States

» Let 17, LER be equivalence relations. The relation 7 Is
called less than the relation 7, r<r,, If and only i every
equivalence class of r; Is included ini some equivalence
class of r.

» [he relation ris named congruent if and only if for any
d,, a,€Q, belonging to the same equivalence class of the
relation 7, the following statement is true: Vp €F, if 0(a;,
p), 0(a,, p) are defined then these states belong to the
same equivalence class of the relation r

» To build an automaton without equivalent states for a
given automaton A means to build a congruence relation
on the set of states @, which is the maximal relation in
the sense of the relation <.



Algorithm for Merging Equivalent States (cont.)

» For the considered congruence relation and for any equivalence relation,
which is more than this relation in the sense of <, the following property.
IS true: for any a;, a,€ @, belonging to different equivalence classes of
the equivalence relation there exists a word B over the alphabet X such
that only one of the states o(a;, p), 0(a,, p) belongs to A Any
equivalence relation, which has this property, is hamed correct.

» [0 build the congruence relation:
Start from any correct equivalence relation.

Build a chain of reducing in the sense of < correct equivalence
relations until the congruence relation is found.

A.A. Letichevskii, A.B. Godlevskii,Optimization of Algorithms during the Process of Their
Design via a Method of Formalized Technical Specifications,Design Automation of
Computers and Their Components, Academy of Sciences of Ukraine, Institute of
Cybernetics, Kiev, 1977

A. A. Netnuesckui, A. b.l'ognesckun, ONTMMU3aLIMA anropuTMOB B rpoLiecce nx
NPOEKTUPOBAHUSA METOAOM (POPMAIM30BAHHBIX TEXHNYECKNX 3aAaHnK, ABTOMaTmn3aums
npoekTupoBaHus 3BM u nx komnoHeHToB, Akaa. Hayk YCCP, UH-T knbepHeTtnkmn, Knes,
1977.



Algorithm for Merging Equivalent States (cont.)

>

vyvvyyy

\ /

The result of a splitting operationon (L, ¢) by a pair (K, x) where x €X; for somei € {1, ..., i} are
(L*, cex) and (L, (O, ..., 0)), where:

1. C(r) is the set of all equivalence classes for the equivalence relation r will be denoted

2. Ke C(n)

3. Lt ={ala€eL Ta)=/0(a x)EK}, L= L\

4. cex is the vector of coordinates for the concatenation

A splitting of a relation v by the d[Jair(/(, X) is an operation which results in splitting of all elements of
C (v) paired with the corresponding coordinates, by this pair. The result of splitting of a relation is a
relation which is named a guotient of the splitting operation and denoted v)%/(, X).

Lemma 19. For any equivalence relation r and any two subsets of Q: K, K €Q' the following
eqguation. /s true:
(r /(K X))I(K7 x) = (r/(K; X)) /(K X)

Lemma 20. Let r be a correct equivalence relation, 1’ be an equivalence relation and r <r, KeC (r).
Then the eguivalence relation. r [(K, X) IS correct for any x eX.

Lemma 21. Let r be an i-equivalence relation, C(r) xX = {;/(, x)| xeX KeC(n}. Then the
equjvalence relation [ r [ C(r) XX 1. /s ani +1-equivalence réelation.

Lemma 22. I r/C(r) xX =r then r /s a congruence. relation.



Algorithm for Merging Equivalent States (cont.)

Algorithm CB (Congruence Builder):
set 1" equal to {(F,(0,...,0)),(Q \ F,(0,...,0))]
set i equal to 0
CLOSURE:  set r equal to 1’
set SPLITTER equal to C(r) x X
NEW_RELATION: ~ while SPLITTER # ¥ do
(extract s SPLITTER
set i equal to i +1
set ' equal to [r'/s];)
if r 1" then go to CLOSURE
merge equivalence classes

extract is interpreted as selecting an element from a given set and removing it from the set.

merge is interpreted as a union of all the equivalence classes that have the same coordinate,
S — —~— S @~



Example of Equivalent MIDEAS

S.K. Shukuryan, Recognition of Properties for Discrete Transformers and Multitape Multihead
Automata, Thesis submitted for fulfillment of require-ments to the degree of Candidate of
Science in Physics and Mathematics in specialty 01.01.09 “Mathematical Cybernetics”, National
Academy of Sciences of Ukraine, Institute of Cybernetics, Kiev, May 1977.




Complexity Estimation of the Algorithm

» Theorem. /he complexity or the algoritiim for determining the
equivalence of states or a deterministic multitape. finite
automaton. Is X(s*1), where s /s the number of states or the
automaton. (conseguently, If we are checking the eqguivalence or
2 automata, then s =s;+s,) and n./s the numper or tapes.

» There are 2 loops in Algorithm CB — the inner loop
NEW_RELATION is nested in the outer loop CLOSURE. The loop
NEW_RELATION implements the closure operation for the set
SPLITTER and builds a new r’ relation which is less than the
current relation r. The loop CLOSURE iterates until the built
relation does not differ from the current one.

» Let us estimate the number of steps of the inner loop of the
algorithm — the number of elements of the set SPLITTER. There

are 3 possible cases.



Complexity Estimation of the Algorithmi(cont.)

(ase 1 - movement from one essential diagonal to another, 1. when read symbols are commutative with each other.
In this case, at most one symbol from each tape can participate (possibly multiple times) in a considered word:

D= xS xpk,xp]exp, S €Kk i L=k k<n, piefl,.n)

Then, the number of words to be considered for building of equivalence classes for a given iteration will be:

‘ XX‘—SX i) X (S—(J]-I- )) )((S—(jﬁ----l—jk_]))xx_mx...Xx_pkﬁ_iSkXMk*_ikasn

Case 2 - movement between essential diagonals, e, when read symbols are not commutative with each other. It is

sufficient to consider sequences of symbols which have a length less than or equal to the number of automaton states,
because consideration of words with more length can be reduced to the consideration of the mentioned set. So we get:

D= ',\(p1 x{;‘k,xp,. Xp X, CE{l o ji> 1, k<

So the estimation will be

() x X[ =% (5= 1) X (5= (11 +12)) X oo X (5= (j1 + o FJict)) % Ko %o x K <5Ex ME < MK x "
\-_V_-’
k




Complexity Estimation of the Algorithn (cont.)

(ase 3 - movement crossing essential diagonals, when some of the read symbols are commutative with each other and
some are not,

oy

The only difference here from case 1 is that py,..., p, need not be distinct, So the same estimation of 0(s") will also
hold for this case.

» It follows from the finiteness of the set of states
that the number of algorithm iterations for the
outer loop CLOSURE (the number of considered
essential diagonals) for determination of the
congruence relation is restricted by s.

» The overall complexity of the suggested algorithm
can be estimated as O(s7t1).



Instead of:a Conclusion: Behind the Obtained Result

1. 1o use the Introduced coding for representation: of sets of
word tuples (languages) accepted by multitape finite
automata. To use the existing notation of regular
expressions for one-tape automata as a notation for these
languages accepted by MFA via interpreting the
"concatenation” operation differently - as it is defined In
the paper.

2. Toformulate and prove theorems of analysis and
synthesis for multitape finite automata.

3. To considera metric space of regular events for multitape
finite automata



Thank You

Q& A



