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G R A D I E N T  D E S C E N T:  T H E  M A G I C  B E H I N D  D E E P  L E A R N I N G

• How do you optimize systems with tons 

of parameters? 


• Start from a loss function


• How far off-target are you?


• Find how to make that go “downhill”


• From that, work backwards to find 

contributions from each parameter


• Incredibly fast process, but requires 

differentiation

Paradigm shift from deep learning to differential computing



D I F F E R E N T I A L  P R O G R A M M I N G  B A S I C S

• Parametrized function approximator:


• Some loss function, e.g.:


• Gradient descent:


• Given a training sample                and some initialization of     at 


• Update      proportional to learning rate in the direction of        : 
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wi+1 = wi � rrL(wi)

What if    and     are defined by a program?
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L



E X I S T I N G  D I F F P R O G  A P P R O A C H E S  ( 1 / 3 )

Differentiable DSL (TensorFlow, PyTorch, DiffTaichi):


• Provide a new language designed to be differentiated


• Requires rewriting everything in the DSL and the DSL must support all operations 

in original code


• Fast if DSL matches original code well

M A N U A L  
R E W R I T E



E X I S T I N G  D I F F P R O G  A P P R O A C H E S  ( 2 / 3 )

Operator overloading (Adept, JAX, Matlogica AADC):


• Differentiable versions of existing language constructs (double => adouble / 

idouble, np.sum => jax.sum) 


• May require rewriting to use non-standard language utilities


• Often dynamic: storing instructions/values to later be interpreted



E X I S T I N G  D I F F P R O G  A P P R O A C H E S  ( 3 / 3 )

Source rewriting (Tapenade, ADIC, Zygote):


• Statically analyze program to produce a new gradient function in the source 

language


• Re-implement parsing and semantics of given language


• Requires all code to be available ahead of time => hard to use with external 

libraries

E X :  TA P E N A D E



O N E  L A N G U A G E ,  A L L  T H E  WAY  D O W N

• Python / C++ dichotomy


• Easy-to-use high-level language


• Fast, compiled language under 

the hood

Python
C++

What if one language could provide both?



D I F F E R E N T I A B L E  S W I F T



D I F F E R E N T I A B L E  S W I F T

• Experimental feature


• Available today in swift.org toolchains


• import	_Differentiation


• Can be used with stock Xcode 

toolchains, with some setup


• Supported on all Swift platforms 

(MacOS, Linux, Windows)



D I F F E R E N T I A B L E  S W I F T

• First-class automatic differentiation


• Automatically generates derivatives for arbitrary Swift code


• Builds derivatives at the SIL level


• Broad support for language features and types, including 

control flow


• Typechecking for differentiability


• Minimizes cryptic error messages


• Boosts developer productivity

Unique among ahead-of-time compiled systems languages



F I R S T- C L A S S ?

Differentiation of computable functions is not computable1,2,

so it can't be implemented as a library. 

[1] Marian Boykan Pour-El and Ian Richards. Differentiability properties of computable functions — a summary. 1978.

[2] Marian Boykan Pour-El and Ian Richards. Computability and noncomputability in classical analysis. 1983.



C O M P I L E R  T R A N S F O R M AT I O N ?

IMPLEMENTAT ION 


DETA I L



• Differentiable data structures


• Differentiable functions in the type system

F I R S T- C L A S S  L A N G U A G E  S U P P O RT



D I F F E R E N T I A B L E  D ATA  S T R U C T U R E S



struct Float // ✅
struct Double // ✅
struct Tensor<Scalar> // 🤷 depends on Scalar
struct SIMD4<Scalar> // 🤷 depends on Scalar
struct Int // ❌

D I F F E R E N T I A B L E  D ATA  S T R U C T U R E S



struct Float // ✅
struct Double // ✅
struct Tensor<Scalar> // 🤷 depends on Scalar
struct SIMD4<Scalar> // 🤷 depends on Scalar

D I F F E R E N T I A B L E  D ATA  S T R U C T U R E S



struct Float: VectorArithmetic
struct Double: VectorArithmetic
struct Tensor<Scalar: Numeric>: VectorArithmetic
struct SIMD4<Scalar: Numeric>: VectorArithmetic

D I F F E R E N T I A B L E  D ATA  S T R U C T U R E S



struct CustomLayer {
   var weight, bias: Tensor<Float>
   var useBias: Bool
}

🤔

D I F F E R E N T I A B L E  D ATA  S T R U C T U R E S



struct CustomLayer: VectorArithmetic {
   var weight, bias: Tensor<Float>
   var useBias: Bool ❌
}

🤔

D I F F E R E N T I A B L E  D ATA  S T R U C T U R E S



D I F F E R E N T I A L  G E O M E T R Y



T

MANIFOLD

f: (T) -> U

U

MANIFOLDf(x)

D I F F E R E N T I A L  G E O M E T RY



T

MANIFOLD

U

MANIFOLDf(x)

Tangent space

Vector space

Tangent space

Vector space

D I F F E R E N T I A L  G E O M E T RY



T

MANIFOLD

U

MANIFOLDf(x)

Tangent space

Vector space

Tangent space

Vector space

df(x)
differential

df: (T.TangentVector) -> U.TangentVector

D I F F E R E N T I A L  G E O M E T RY



T

MANIFOLD

U

MANIFOLDf(x)

Tangent space

Vector space

Tangent space

Vector space

df(x)
differential

exponentialMap: (T, T.TangentVector) -> T

D I F F E R E N T I A L  G E O M E T RY



protocol Differentiable



protocol Differentiable {
  /// A type representing the differentiable value’s derivatives.
  /// Mathematically, this is equivalent to the tangent bundle of
  /// the differentiable manifold represented by the differentiable
  /// type.
  associatedtype TangentVector: Differentiable & AdditiveArithmetic
  /// Moves 'self' along the given direction. In Riemannian
  /// geometry, this is equivalent to exponential map, which moves
  /// 'self' on the geodesic surface along the given tangent
  /// vector.
  mutating func move(along direction: TangentVector)
}

P R O T O C O L  D I F F E R E N T I A B L E



protocol Differentiable {
  /// A type representing the differentiable value’s derivatives.
  /// Mathematically, this is equivalent to the tangent bundle of
  /// the differentiable manifold represented by the differentiable
  /// type.
  associatedtype TangentVector: Differentiable & AdditiveArithmetic
  /// Moves 'self' along the given direction. In Riemannian
  /// geometry, this is equivalent to exponential map, which moves
  /// 'self' on the geodesic surface along the given tangent
  /// vector.
  mutating func move(along direction: TangentVector)
}

extension Differentiable where Self == TangentVector {
  mutating func move(along direction: TangentVector) {
    self += direction
  }
}



extension Float: Differentiable {
  typealias TangentVector = Self
}

extension Double: Differentiable {
  typealias TangentVector = Self
}

extension SIMD4: Differentiable where Scalar: Differentiable {
  typealias TangentVector = Self
}

S TA N D A R D  L I B R A RY  T Y P E S  &  E X T E N S I O N S



// struct Tensor<Scalar>
extension Tensor: Differentiable where Scalar: Differentiable {
  typealias TangentVector = Self
}

O T H E R  L I B R A RY  T Y P E S  &  E X T E N S I O N S



// struct Array<Element>
extension Array: Differentiable where Element: Differentiable {
  struct TangentVector { var elements: [Element.TangentVector] }
  …
}

// struct Dictionary<Key: Hashable, Value>
extension Dictionary: Differentiable where Value: Differentiable {
  typealias TangentVector = Dictionary<Key, Value.TangentVector>
...
}

// enum Optional<Wrapped>
extension Optional: Differentiable where Wrapped: Differentiable {
  typealias TangentVector = Optional<Element.TangentVector>
...
}

O T H E R  L I B R A RY  T Y P E S  &  E X T E N S I O N S



struct CustomLayer: Differentiable {
  var weight, bias: Tensor<Float>
  var useBias: Bool
}

C U S T O M  T Y P E S  &  E X T E N S I O N S



struct CustomLayer: Differentiable {
  var weight, bias: Tensor<Float>
  var useBias: Bool
  
  // The compiler synthesizes this for you!
  struct TangentVector: Differentiable & AdditiveArithmetic {
    var weight, bias: Tensor<Float>
  }

  // And this!
  mutating func move(along direction: TangentVector) {
    weight.move(along: direction.weight)
    bias.move(along: direction.bias)
  }
}

C U S T O M  T Y P E S  &  E X T E N S I O N S

struct CustomLayer: Differentiable {
  var weight, bias: Tensor<Float>
  var useBias: Bool
  
 
  struct TangentVector: Differentiable & AdditiveArithmetic {
    var weight, bias: Tensor<Float>
  }

 
  mutating func move(along direction: TangentVector) {
    weight.move(along: direction.weight)
    bias.move(along: direction.bias)
  }
}



struct Point<T: Real>: Differentiable & AdditiveArithmetic {
  var x: T
  var y: T
}

C U S T O M  T Y P E S  &  E X T E N S I O N S



D I F F E R E N T I A B L E  F U N C T I O N S



(T) -> R

extension Array {
  func map<T>(_ f: (Element) -> T) -> [T]
}

[1, 2].map { x in x + 1 }

D I F F E R E N T I A B L E  F U N C T I O N S



C A L L I N G  C O N V E N T I O N S

(T)           R
C

(T)           R
Objective-C

Analogy: Calling conventions in language interoperability



C A L L I N G  C O N V E N T I O N S

int addOne(int x) { return x + 1; }
int (*addOneFunctionPointer)(int) = addOne; // (Int) -> Int

// Imported as:
let addOneFunctionPointer: @convention(c) (Int) -> Int
addOneFunctionPointer as (Int) -> Int

[1, 2, 3].map(addOneFunctionPointer) // [2, 3, 4]



C A L L I N G  C O N V E N T I O N S

@convention(c) (Int) -> Int F U N C T I O N  
P O I N T E R

(Int) -> Int F U N C T I O N  
P O I N T E R

C O N T E X T  
P O I N T E R

subtype



D I F F E R E N T I A B L E  F U N C T I O N

(T) -> U F U N C T I O N  
P O I N T E R

C O N T E X T  
P O I N T E R

@differentiable (T) -> U F U N C T I O N  
P O I N T E R

C O N T E X T  
P O I N T E R1 S T  D E R I VAT I V E

subtype



U P C A S T I N G  &  D O W N C A S T I N G

Upcasting to non-@differentiable:

let f0: @differentiable (Float) -> (Float) = ...
let f2: (Float) -> (Float) = f0

Conversion to @differentiable requires differentiation:

func addOne(_ x: Float) -> Float {
  x + 1
}

let _: @differentiable (Float) -> (Float) = addOne // Okay!



D I F F E R E N T I A B I L I T Y  R E Q U I R E M E N T S

@differentiable(reverse)
func sinOfSin(_ x: Double) -> Double

1. Explicit @differentiable attribute:

func foo(_ x: Float, _ y: Float) -> Float {
  cos(x) + y
}

2. Composition of @differentiable:



D I F F E R E N T I AT I O N :  M O T I VAT I N G  E X A M P L E

<latexit sha1_base64="gyHaZsd8yggRhdf6UaJIYkYQa0g="></latexit>
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A P P R O A C H E S  T O  A U T O M AT I C  D I F F E R E N T I AT I O N

• Program representation:


• Forward mode:


• Reverse mode:

<latexit sha1_base64="VMyLF88YzF7fNOb7wNoW1xtmhhI=">AAACD3icdVDLSgMxFM3UV62vUZdugkWpC4cZ8dWFUBDEZQX7gHYYMmmmDc08mmTEYegfuPFX3LhQxK1bd/6NmbaKzwMh555zQ+49bsSokKb5puWmpmdm5/LzhYXFpeUVfXWtLsKYY1LDIQt500WCMBqQmqSSkWbECfJdRhpu/zTzG1eECxoGlzKJiO2jbkA9ipFUkqNvJ/AEnpWud7LLGcA2phwrlg52reFnZTl60TTKZVMB/iaWYY5QBBNUHf213Qlx7JNAYoaEaFlmJO0UcUkxI8NCOxYkQriPuqSlaIB8Iux0tM8QbimlA72QqxNIOFK/vkiRL0Tiu6rTR7InfnqZ+JfXiqV3bKc0iGJJAjz+yIsZlCHMwoEdygmWLFEEYU7VrBD3EEdYqggLKoSPTeH/pL5nWIfGwcV+sVKtjOPIgw2wCUrAAkegAs5BFdQABjfgDjyAR+1Wu9eetOdxa06bRLgOvkF7eQdhu5oJ</latexit>

y = F (x) = Fq � Fq�1 � F1

<latexit sha1_base64="FiAJctZMFZ6zvS1uE/JV2y4lwuc="></latexit>

@F

@x
=

@Fq

@F1

@F1

@x
=

✓
@Fq

@F2

@F2

@F1

◆
@F1

@x
= . . .

<latexit sha1_base64="rsJlffV2tyfPz8hALuBjdz7Vnq4="></latexit>

@F

@x
=

@Fq

@F1

@Fq�1

@x
=

@Fq

@Fq�1

✓
@Fq�1

@Fq�2

@Fq�2

@x

◆
= . . .



A  P R I M E R  O N  R E V E R S E - M O D E  A D

<latexit sha1_base64="Dei95Tg3TgcRv1R/UXSQr9dZVT8="></latexit>

(x, t)

z = wx+ b

y = �(z)

L =
1

2
(y � t)2

R =
1

2
w2

Lreg = L+ �R

<latexit sha1_base64="FUAwOS56Ledxt5RRB9N3fB3SBQo="></latexit>

v̄ :=
@Lreg

@v
R̄ = �; L̄ = 1

ȳ = L̄dL
dy

+ R̄dR
dy

= L̄(y � t)

z̄ = ȳ
dy

dz
= ȳ�0(z)

w̄ = z̄
dz

dw
+ R̄dR

dw
= z̄x+ R̄w

b̄ = z̄
dz

db
= z̄



D E F I N I N G  C U S T O M  D E R I VAT I V E S

@derivative(of: sqrt)
func sqrtVJP(_ x: Double) -> (value: Double, pullback: (Double) -> Double) {
    let output = sqrt(x)
    func pullback(_ dv: Double) -> Double {
        return dv / (2 * output)
    }
    return (value: output, pullback: pullback)
}

import Foundation

public func sqrt(_ __x: Double) -> Double



D I F F E R E N T I AT I N G  A P I  /  D I F F E R E N T I A L  O P E R AT O R S

func valueWithPullback<T, R>(
    at x: T, of f: @differentiable(reverse) (T) -> R
) -> (value: R,
      pullback: @differentiable(reverse) (R.TangentVector) -> T.TangentVector)

func valueWithGradient<T, R>(
    at x: T, of f: @differentiable (T) -> R
) -> (value: R, gradient: T.TangentVector) {
  let (value, pb) = valueWithPullback(at: x, of: f)
  return (value, pb(T.TangentVector(1))
}

func gradient<T, R>(
    at x: T, of f: @differentiable(reverse) (T) -> R
) -> T.TangentVector {
  return pullback(at: x, of: f)(R(1))
} …



D I F F E R E N T I A L  O P E R AT O R S

import _Differentiation

@differentiable(reverse)
func square(_ x: Float) -> Float {
    x * x
}

let (value, gradient) = valueWithGradient(at: 3.0, of: square)

9.0 6.0



G R A D I E N T  D E S C E N T

var model = Perceptron()
for _ in 0..<100 {
    let (loss, pullback) = valueWithPullback(at: model, of: loss)
    print(loss)
    let gradient = pullback(-0.04)
    model.move(by: gradient)
}
struct Perceptron: Differentiable {
    var weight: SIMD2<Float> = .random(in: -1..<1)
    var bias: Float = 0

    @differentiable(reverse)
    func callAsFunction(_ input: SIMD2<Float>) -> Float {
        (weight * input).temporarySum() + bias
    }
}

let andGateData: [(x: SIMD2<Float>, y: Float)] = [
    (x: [0, 0], y: 0),
    (x: [0, 1], y: 0),
    (x: [1, 0], y: 0),
    (x: [1, 1], y: 1),
]

@differentiable(reverse)
func loss(model: Perceptron) -> Float {
    var loss: Float = 0
    for (x, y) in andGateData {
        let prediction = model(x)
        let error = y - prediction
        loss = loss + error * error / 2
    }
    return loss
}

Lo
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C O M P I L E R



S W I F T  C O M P I L E R  P I P E L I N E

PA R S E R T Y P E  
C H E C K E R S I L G E N M A N D AT O R Y  

PA S S E S
O P T I M I Z AT I O N  

PA S S E S I R G E N L LV M



M A N D AT O RY  O P T I M I Z AT I O N S

• Closure capture promotion


• Definitive initialization


• Automatic differentiation


• Mandatory inlining


• Memory access exclusivity 
diagnostics


• Data flow diagnostics


• Infinite recursion diagnostics

M A N D AT O R Y  
PA S S E S



S W I F T  I N T E R M E D I AT E  L A N G U A G E  ( S I L )

func foo(_ x: Float) -> Float {
    return sin(x) * cos(x)
}

// Simplified SIL:
sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(%x)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}



D I F F E R E N T I AT I O N  S T E P S

1. Analysis: What needs to be differentiated?


2. Diagnose: Can everything be differentiated?


3. Transform: Emit derivatives.



A C T I V I T Y  A N A LY S I S



VA R I E D - U S E F U L - A C T I V E  VA L U E S

Varied: Depends on the input

Useful: Contributes to output

+ = Active: Needs a derivative!



VA R I E D  VA L U E S

Varied: Depends on the input

sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(3)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}



U S E F U L  VA L U E S

Useful: Contributes to output

sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(3)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}



A C T I V E  VA L U E S

Active: Needs a derivative!

sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(3)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}

sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(3)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}

sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(3)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}

sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(3)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}

sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(3)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}



A C T I V E  VA L U E S

sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(3)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}

sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(3)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}

Inactive, could be skipped



C O M P I L E R  T R A N S F O R M



C O M P I L E R  T R A N S F O R M

1. VJP generation


2. Pullback generation



V J P  G E N E R AT I O N

sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(%x)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}

sil @vjp_foo : $(Float) -> Float {
bb0(%x):
  (%y1, %pb_cos) = vjp_cos(%x)
  (%y2, %pb_sin) = vjp_sin(%x)
  (%y3, %pb_mul) = vjp_mul(%y1, %y2)
  %pb_tuple = (%pb_mul, %pb_sin, %pb_cos)
  %pb_foo = partial_apply @pb_foo(%pb_tuple)
  return %pb_foo
}



P U L L B A C K  G E N E R AT I O N

sil @foo : $(Float) -> Float {
bb0(%x):
  %y1 = cos(%x)
  %y2 = sin(%x)
  %y3 = *(%y1, %y2)
  return %y3
}

sil @pb_foo : $(Float, PBTuple) -> Float {
bb0(%dy3, %pb_tuple):
  (%pb_mul, %pb_sin, %pb_cos) = %pb_tuple
  (%dy1, %dy2) = %pb_mul(%dy3)
  %dx2 = %pb_sin(%dy2)
  %dx1 = %pb_cos(%dy1)
  %dx = +(%dx2, %dx1)
  return %dx
}



C O N T R O L  F L O W  D I F F E R E N T I AT I O N

func cond(_ x: Float) -> Float {
    if x < 0 {
        return x + x
    }
    return cos(x)
}

• Conditions: need extra structures to trace control flow


• Loops: need to have dynamically-allocated storage for values produced

<latexit sha1_base64="gtn8fsULFNQlYPMQfPdV+ucB4FM="></latexit>

f 0(x) =

(
g0(x), x > c,

h0(x), otherwise

<latexit sha1_base64="/znsp+2oXLVmE6hiP1buXAnFWE8="></latexit>

f(x) =

(
g(x), x > c,

h(x), otherwise



S TAT I C  D I A G N O S T I C S



C R O S S - M O D U L E  O PA C I T Y

import Glibc
let y = derivative(at: 1.0) { x in
    sinf(x)
}
test.swift:4:5: error: expression is not differentiable
sinf(x)
^
test.swift:4:5: note: cannot differentiate functions that have not been
marked '@differentiable' and that are defined in other modules
sinf(x)
^



N O N - D I F F E R E N T I A B L E  T Y P E  C O N V E R S I O N

let grad = gradient(at: 1.0) { x in
    Double(Int(x)) + 2
}

test.swift:1:27: error: function is not differentiable
let grad = gradient(at: 1.0) { x in
                               ^~~~~~
test.swift:2:12: note: cannot differentiate through a non-differentiable
result; do you want to add '.withoutDerivative()'?
    Double(Int(x)) + 2
                 ^



S O M E  C O O L  E X A M P L E S



D I G I TA L  T W I N S  M O D E L S  F O R  B U I L D I N G S

• Buildings are ~40% of global energy consumption, <3% are automated


• Differentiable digital building twins in Swift make automation possible

© PassiveLogic, Inc. 2022



D I G I TA L  T W I N S  M O D E L S  F O R  B U I L D I N G S

Why not traditional deep learning?


• Every building is unique


• No one model fits all


• Slow training data generation 
(annual cycle)


• 1000 datasets => 1000 years!

© PassiveLogic, Inc. 2022



@differentiable(reverse)

func computeLoadPower(floor: SlabType, tube: TubeType, quanta: QuantaType) -> QuantaAndPower

{

    let resistance_abs = computeResistance(floor: floor, tube: tube, quanta: quanta)

    

    let conductance: Float = 1/resistance_abs

    let dTemp = floor.temp - quanta.temp

    let power = dTemp * conductance

    

    var updatedQuanta = quanta

    updatedQuanta.power = power

    let loadPower = -power


    return QuantaAndPower(quanta: updatedQuanta, power: loadPower)

}


𝛁

@tf.function

def computeLoadPower(floor, tube, quanta):

    resistance_abs = computeResistance(floor, tube, quanta)

    

    conductance = 1/resistance_abs

    dTemp = floor[SlabTypeIndices.itemp] - quanta[QuantaIndices.itemp]

    power = dTemp * conductance


    loadPower = -power


    resultQuanta = quanta * tf.constant([0.0, 1, 1, 1, 1]) + power * tf.constant([1.0, 0, 0, 0, 0])


    return (resultQuanta, loadPower)


• Differentiable Swift is 189X faster than Python TensorFlow


• Differentiable Swift is 117X faster than PyTorch


• ...and that's without latest Swift optimizations we did recently that improved timings 10x-15x 𝛁
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