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Sample Olympiad problem & answer

• Let 𝒁 be the set of integers. Determine all functions 𝑓: 𝒁 → 𝒁 such 

that, for all integers 𝑎 and 𝑏,  𝑓 2𝑎 + 2𝑓 𝑏 = 𝑓 𝑓 𝑎 + 𝑏 .

• The problem can be solved using classical monadic recursion 
elimination technique known in Theoretical Computer Science since 
late 1960: 𝑓 𝑥 = 2𝑥 + 𝑐𝑜𝑛𝑠𝑡.



Problem via recursion elimination

• A classic example monadic recursion elimination by reduction to the 
tail recursion is a so-called John McCarthy function 𝑀91: 𝑵 → 𝑵: 

𝑀91 𝑛 = 𝑖𝑓 𝑛 > 100 𝑡ℎ𝑒𝑛 𝑛 − 10 𝑒𝑙𝑠𝑒 𝑀91 𝑀91 𝑛 + 11 .

• It was introduced by John McCarthy, studied by Zohar Manna, Amir 
Pnueli, Donald Knuth. It turns out that 

𝑀91 𝑛 = 𝑖𝑓 𝑛 > 101 𝑡ℎ𝑒𝑛 𝑛 − 10 𝑒𝑙𝑠𝑒 91.



Problem via recursion elimination

• A “key” idea elimination is a move from a monadic function 𝑀91: 𝑵 →
𝑵 to a binary function 𝑀2:𝑵 × 𝑵 → 𝑵 such that for all 𝑛, 𝑘 ∈ 𝑵

𝑀2 𝑛, 𝑘 = 𝑀91
𝑘 𝑛

where 𝑀91
𝑘 𝑛 is 𝑘-time application of the function, i.e.:

o 𝑀91
𝑘 𝑛 = 𝑀91 …𝑀91 𝑛 … , 

o 𝑀2 𝑛, 0 = 𝑀91
0 𝑛 = 𝑛 for all 𝑛 ∈ 𝑵.



Why to solve recursive equations?

• To contribute to IMO Grand challenge 

• To test compilers for functional languages (as 𝑀91)

• To optimize recursion implementation via recursion elimination

• To make level of program languages higher (by implicit functions)

https://imo-grand-challenge.github.io/
https://link.springer.com/chapter/10.1007/978-3-030-57663-9_16


A fresh Olympiad problem and 
its programming interpretation

• Let 𝑸+ be the set of positive rational numbers. 

oProblem: Determine all functions 𝑓:𝑸+ → 𝑸+ such that, for all 

positive rational 𝑎 and 𝑏 holds 𝑓 𝑎𝑓 𝑏 = ൗ𝑓 𝑎
𝑏.

oInterpretation: Implement a function 𝑓:𝑸+ → 𝑸+ that is not a 
constant such that, for all positive rational 𝑎 and 𝑏 holds 

𝑓 𝑎𝑓 𝑏 = ൗ𝑓 𝑎
𝑏.
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